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GENERAL PREFACE 



TO THE 



FIRST EDITION. 



While my Essay on the Teeth of Wheels 
was in the Press, the idea occurred to me 
of publishing a series of Essays, all of a 
practical nature, on Mill Work, and other 
Machinery, each forming in itself a whole, 
at the same time that there would be a 
natural connexion, so that each Essay 
might again form a part of a general 
system. The Essay on the Teeth of 
Wheels I considered as the first of the 
series. The next in order that occurred 
to me was on the Shafts of Mills. 



X GENERAL PREFACE. 

This is a subject of much practical 
importance; and it cost me much time 
and labour to collect and arrange facts 
respecting^ gudgeons and journals, with 
a view to deduce rules to guide the Mill- 
wright in a part of his business, which 
there is reason to suppose has hitherto in 
most cases been conducted at random. 
An Essay on this subject I accordingly 
sent to the Press in 1808, but when a con- 
siderable part of it was printed off, an un- 
fortunate occurrence to the printer and 
publisher prevented it until now from 
being finished. 

Meanwhile I had at intervals gone on, 
writing other Essays, some of which form 
the present volumes. The Essay on the 
Shafts of Mills, which with that on the 
Teeth of Wheels corrected, with addi*- 
tional tables, and a second appendix, form 
the first volume. 
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With a view to practical utility, I have 
endeavoured to iadapt the style of these 
Essays to the comprehension of such ope- 
rative mechanics as have not had the ad- 
vantage of mathematical instruction ; but 
at the same time I have given reference 
to authors for the demonstrations of such 
propositions as I found it necessary to in-' 
troduce, in order to give such workmen 
some notion of the principles on which 
their work should be conducted. 



For any repetitions, want of unity, and 
other imperfections, which will doubtless 
too readily appear in these Essays, I may 
offer the same apology which I did on a 
former occasion, that they were written 
at many different and distant intei^vals, 
occasioned by interruptions from profes- 
sional and other engagements. 



PREFACE 



TO THE 



SECOND EDITION. 



Thb writings of the late Robertson Buchanfm are 
well known among those who are interested in or fol- 
low mechanical pursuits. They contain an immepse 
collection of practical information on a variety of sub- 
jects. They are particularly useful, because they give 
the arrangement and proportion of many parts of ma- 
chines as they have been found useful or convenient in 
practice. If they sparkle not with the rays of superior 
genius, nor exhibit any remarkable degree of inventive 
talent, still they contayi a full measure of useful truth ; 
and he was the first to give such knowledge a popular 
form, or rather to rescue it from oblivion. 

In this Edition a considerable quantity of new matter 
has been added; chiefly in .the form of additional 
articles distinguished by the letters of the alphabet 
being prefixed to the numbers of the ai'ticles; these 
articles are illustrated by eight new cuts and one new 
plate. The most important of the additions are de- 
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scribed in the Table of Contents, md marked by a *. 
The other additions are in notes. 

The brief account which follows, was selected from 
information obtained from the author's family through 
the kindness of Mr. Telford. 



A short Account of the Life and Writings of 

Robertson Buchanan. 

Robertson Buchanan was one of those individuals 
who rise to eminence through their own efforts ; and 
it b desirable that some short notice of such men 
should be preserved, in order that others may be sti- 
mulated to make like exertions for the benefit of them- 
selves and of their country. 

He was born on the 14th of July, 1769, at Glasgow, 
ami was oonnected by birth with some of its principal 
citizens. His father was nephew to Mr. Neil Bucha- 
nan, who, in 1768, represented Olasgow in parliament ; 
and his mother was daughter to Mr. Arthur Robertson, 
who was chamberlain of that city for a long period. 
He unfortunately lost his mother at his birth, and his 
father when he was only about fifteen. His father had 
not been fortunate in business, and he was left un- 
provided for. He had already shown some talent for 
drawing and mechanics, which caused his maternal 
uncles to place him with a house carpenter of Glas- 
gow 5 he afterwards worked some time with a mill- 
wright, and then left Glasgow for London. 



THE SECOND EDITION. xv 

It does not appear thai he remained long in London^ 
but returned to Glasgow, and commenced business as 
a mill-wrightw In 1791, he gave up this business to go 
to Bute as ntwager of the Rothesay cotton mill, with: 
a small share in the concern. He obtained, in 1796, 
a patent for an improved pump, which is not liable to 
choke; and in the same yearhe wrotesome papers which 
were published in the Repertory of Arts and Manufac^ 
tures, — one on the ** Improvement of Cattle Mills,*' 
and another on ** Preventing Carding Machines from 
injuring the health of those employed to attend on 
them.'* 

He left Bute in 1801, with his health much impaired 
by the anxiety of a responsible situation in a losing 
business ; and returned to London, with a view of de-* 
riving some benefit from the pump he had invented. 
In this he does not appear to have succeeded ; but he 
got introduced to Count Rumford and Professor Pictet> 
which directed his attention to heating rooms; and 
m 1807, he published an ^^ Essay on Warming Mills 
and other Buildings by steam.*' He had previously 
been engaged in preparing the ^' Essay on the Teeth of 
Wheels," which forms the first Essay of this volume; 
but it was not published till 1808. In 1810, he pub- 
lished his work on heating buildings in an improved 
form, with the title of " Practical and Descriptive 
Essays on the Economy of Fuel and Management of 
Heat." In 1814 appeared the six Essays on Mill- 
work, which with that on the Teeth of Wheels, 
constitute these volumes. He published in 1816 a 
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*^ Practical Treatise on Propelling Vessels by Steam." 
Besides these separate works, and some small pamphlets^ 
he contributed the article *^ Cotton Spinning," and the 
*' Life of Sir Richard Arkwright/* to the Edinburgh 
Encyclopsedia, 

He died in the forty-seventh year of his age, at 
Creech St. lyEichael, Somersetshire, on the 22nd of 
July, 1816. 

He was a roan of amiable character, with a strong 
sense ot religious and moral duty, and was greatly re-: 
spected by all who knew him. His practical know- 
ledge in mechanics was extensive ; he was a close and 
accurate observer, and extremely assiduous in collect-^ 
ing every fact or experiment which came under his 
notice. On these facts he reasoned, in general, with 
great accuracy and judgment; and always with a view 
to improvement in practice. He was happy in the 
choice of popular subjects ; and though there be an 
obvious want of method in handling them, yet it is 
more than compensated by the variety of useful and 
interesting particulars which are so abundantly scat-* 
tered through his works. (Ed.) 
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THE TEETH OF WHEELS. 



ESSAY I. 



PREFACE. 

Led from situation, as well as curiosity, to 
attend very minutely to some parts of practical 
mechanics, one of the objects which early at- 
tracted the notice of the author of the fbllowing 
short Essay, was the figure of the Teeth of 
Wheels. He observed, that, in forming these 
teeth, workmen followed rules for which they 
could assign no satisfactory reasod. Nor did 
he then find in books the information he wanted : 
the subject seemed to him to require a detail 
and simplification, which no English writer, 
¥rith whom he was acquainted, had given it.-^ 
Afterwards, indeed, he found that some French 
iQathematicians had treated it with much at- 
Mention. But their works, though sufficieutij 

b 
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clear to those who have studied mathematics, 
are too abstract to be of general utility. In the 
following Essay, therefore, such an elucidation 
of the subject has been attempted, as might 
render it plain to the operative mechanic — ^an 
object, which will appear the more important, 
the more we consider the great variety of use- 
ful purposes to which wheel-wprk is applied. 

De La Hire and Camus, are the two French 
writers, who have treated most extensively 
this brandi of mechanics. — From the work of 
the latter, who has written more accurately, 
itnd more fully^ the author has borrowed largely ; 
nor has he scrupled to take from others, what- 
ever he fouiid to suit bis purpose, and to make 
the fullest use 0f the communications of his 
friends^ 

Of the methods Allowed, it will be sufficient 
to remark, that the subject naturally suggested 
these two general divisions— First, the Princi- 
ples of the Configuration of the Teeth of 
Wheels :— Secondly , the applicatibh of these 
to practice. 

, The first chapter contains the Principleis^— 
Xhe second, their Ajiiplication, with certain 
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inodifications— '1st to Spur Geer^ under ivhich 
are comprehended the Wheel and Trundle; 
the Wheel and Pinion; the internal Pinkm, 
and the Rack and Pinion.— * And, 2dly, to 
Bevel Geer. 

A third chapter is added, which contains a 
manner of forming Spur Wheels^ upon princi- 
ples somewhat difierent from those considered 
in the preceding chapter. 

In the following pages, no pretensions are 
made, either to invention or profound investi- 
gation. The writer has studied perspicuity 
alone, and will have completely attained his 
object, if he has only been fortunate enough to 
give such a view of the various kinds of teeth, 
as will enable the artist to form some judgment 
of their respective merits, and to execute any 
of them with accuracy and ease. For this pur- 
pose it has been his aim to divest every part of 
the subject of obscurity, and to accommodate 
it to those who possess not the advantages of 
a mathematical education. But he is far from 
saying, that they will not find some difficulties, 
particularly in the first chapter ; nor will they, 
perhaps, fully understand the truths it contains, 
till they see their relation to practice pointed 
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out 'ill the second. — He found, that v^ithoctt 
becoming exceedingly prolix, there was no 
avoiding the use of some mathematical terms, 
but of these he has given definitions, either as 
the terms themselves occur^ or at the conclusion 
pf the Essay.* 

* This Preface was written several yeari^ before the trans- 
latioii of Camas v^as published. 
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GENERAL DEFINITIONS. 



I. 

1. When two tootlied wheels act upon 
one another, the greater is called the 
fVheely and the lesser the Pinion. 

II. 
3. Instead of the pinion, the trundle ii 
sometimes used, such as is here represent- 
ed. It is likewise known by the names of 
ladtern and wallower. 



Fig. 1 




GENERAL DEFINITIONS- 



III. 

S. As pinions and trundles are employed 
for the same purposes, when the action of 
two wheels is spoken of, in general, the 
trundle is comprehended under the name 
pinion. 

• ■ , . • ■ 

IV. 

4. The teeth of wheels and of pinions, 
are comprehended under the general term. 
Teeth. Where the teeth are of the same 
piece with the boc^y of the wheel,, they are 
called, properly, teeth; when they are each 
of a particular piece, they are called cogs. 
The teeth of pinions are called leaves^ and 
those of a trundle, staves. 

i 

5. When the action oif Ivheels is spoken 
of in general, under the name teeth, are 
comprehenijed teeth^ (properly so called,) 
cogs, leaves^ and staves. 



OENERAL DEFINITIONS. 



VI. 

6. The straight line B F, which joins the 
centres B F, of a pinion and wbeeJ» which 
act together, is called the line of emires. 




4 GENERAL DEFINITIONS. 

VII. 

?• When the line of centres B F is di- 
vided into two parts; A B, A F, propor- 
tional to the number of the teeth in the 
wheel, and in the pinion, these two parts, 
A By A F, are named proportional radiiJ^ 

VIII. 

8, If from the centres B F are described, 
with the proportional radii, the circles 
XA, RA; these circles represent two cy- 
linders, which touch in the point A as if 
they had teetb infinitely small, or as if one 
of them were conducted by the other by 
contdction only. These circles I shall call 
proportional circles ; or, as they are termed 
by millwrights, pitch lines. 

IX. 

9. The right lines, B K, F Q, drawn from 
the centres of the pinion and wheel, to the 
extremities of their respective teeth, are 
called real radii. 

♦ They are termed primitive radii by most writers. 
(Ed.) 
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ESSAY I 



CHAP. I. 

or THK PKINCIPLES OF THE CONFIOUBATION OF THE 

TEETH OF WHEELS. 

1 • 

10. In the construction of machines, 
the proper formation of the teeth of 
wheels is an object of much importance. 
Though experience may often enable the 
merely practical mechanic to approach, in 
this iiespect, to some degree of perfection,- 
yet, being ignorant of principle, his work 
is. always conducted with uncertainty, and 
be generally produces machines expensive 
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in woifdng, and defectiTe in 
and dmation. 



For when the acting parts c^a machine 
are not tndj fimned, it maj be so loaded 
as jn^ to be in eqoilibiio with its woik in 
the most faTomable situation of its parts, 
but when it dianges into a less fitrcMirable 
atoation, the machine will stop, or at 
lea^ stagger, hcMde, or work oneqoallj. 



The best figoie, theiefoffe, which can be 
g^Ten to the te^h, is that whic^ shall 
canse them always to act equallj and 
simibflj, in stoations eqaalljr fiiTomable, 
and which shall consequently ^re the 
machine the pn^ierty of being mored imi- 
Ibnnlj bj a power constant and equal; 
or, in other words, ensure an uniformity 
of pressure and Telocity. 

Were the teeth of wheeb infinitely Saudi, 
dbeir action would be r^tfded as that of 
cyfindeis, simply touching, haTii^ the pio- 
pcrty mpmed. The finite and 
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teeth given to wheels will, therefore, be of 
the most advantageous figure, when one 
wheel conducts another, as if they simply 
touched; or when their pitch. lines have in 
every part of their revolution equal veloci* 
ties. 

> 

That teeth have this property^ wJiea 
formed in a certain manner, will, I hope^ 
be clear, from the following proposition 
and its connections.* 

* The manner of forming teeth of wheels here re- 
ferred to by our Author, would ensure an equable com- 
muDicati6n of powe'r or motion in the Imaginary casis 
when the rubbing parts have no sensible friction $ but 
in no other; except it be possible to contrive U prac-^ 
ticable form for teeth having the property of rendering 
the friction uniform during the action of each pait of 
teeth : this has not yet been accomplished. Hence it 
appears that practical men have not without reasonp 
been doubtful of the advantages of the kitid of teeth 
proposed by mathematical writers ; for that the firid-^ 
tion of teeth is not uniform, Dr. Young has proved in 
a letter, which forms a valuable part of this Essay, (see 
Art. 47 — ^53.) And we have a practical proof of the iam^ 
thing in the unequal wear of teeth, (see Art. 31.) Hhe 
best means of avoiding the inequality produced by fric- 
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PROPOSITION. 

1 1. When teeth are of such a form, that 
a perpendicular H E I* (Fig. 2. p. 3.) drawn 
to the tangent to the edge of the tooth in the 
point of contact E, cuts the line of centres 
at the termination A, of their proportional 
radii, their pitch lines shall have in corres^ 
ponding places^ equal t^e/oaVte^, whether the 
wheel drives the pinion, or the pinion the 
the wheel ; that is to say, that they will 
move each other as if they merely touched.+ 



tioD seems to be^ to make the teeth ^^ as small and as 
nnmcroas as is consistent with strength and durability,'* 
(Art. 46.) These limits, with respect to strength and 
^orability, I will endeavoor to establish in the additions 
to Art. 88, and those following it. And since, in adopt- 
ing the principle of short teeth, the carved surfoce of 
each tooth will become so small that a circolar arc 
may be employed instead of the proper carve, I shsdl, 
in the additions, point oat the mode of describing cir- 
colar arcs to answer this parpose. — (Ed.) 

* For the manner of drawing this pcrpendicalar, see 

Art. 17. 

f This being a fundamental proposition, it is of im- 
pmtMUce that it should be well uucferstood; 1 shall 
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I shall now proceed to show^ that the 
epicycloid gives the property to the teeth 
of wheels required in the preceding pro- 
position, and shall begin with some defi- 
nitions respecting that curve. 

Before we proceed with our Author, it 
will be an advantage to examine this pro- 
position more particularly. 

[A. 1 1.] Let A H (Fig. 2.) be the direction 
of the force of the wheel to turn the pinion, 
and BH a line perpendicular to AH, drawn 
to the centre of motion B. The effect of the 



therefore, in this note, attempt a popalar iUustration ^ 
of it. 

It is demonstrable that the line H B (Fig. 2.) has th^ 
same proportion to the line I F which A B has to A F. 
Now let us suppose H B and I F to be levers, and H I a 
string, the one lever pressing from the other, would 
act upon it with just the same force that the pinion 
and wheel do at the point A, where the pitch lines 
toucli; or, in other words, as if the circle X acted on 
the circle R, by n^eans of a string, as pullies do on each 
other by a band. 
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force to turn the pioion will be directly as 
the distance of its direction from the centre 
of motion 9 or as H B. AJso^ the angulad? 
velocity generated will be inversely as the 
distance of the direction from the same 
centre, or as ug-. Consequently, the quan- 
tity of motion communicated to the pinion 
is as ||-g; that is, in an invariable ratio j 
but by the same reasoning it may be 
proved that the force of the wheel at A is 
invariable; and therefore, the pinion will 
be moved in the same manner as if it werd 
moved by contact at A^ when HA is per- 
pendicular to the common tangent of the 
surfaces in contact at E. 

The same may be proved when the pi- 
nion drives the wheel. But this, as well 
as the more detailed investigations of Ca- 
mus (on the Teeth of Wheels, Art. 521.) 
and bis followers, neglects the effect of 
friction. Let the effect of the friction of 
the surfaces be represented by x\ when the 
pressure and velocity of these surfaces aiq 
each equal unity, or 1 ; then the ratio will 
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b^ HB^TIT)' or as Y^T^J which is invari- 
able only when the friction is invariable. 
But when the teeth are very short, and 
formed so that the motion would^ be uni- 
form were the friction uniform, it is per- 
haps the best practical method of forming 
teeth. (Ed.) 

DEFINITIONS. 
I. 

12. If upon the same immoveable plane 
are placed two circles, CNP,CALMK, 
(Fig. 3 and 4.) which touch each other in 
the point C, and the former, with a sup- 
posed style or tracer in its circumference 
at the point C, is made to revolve rounds 
the circumference of the latter, the style C, 
during t^ie revolution, will describe opod 
tKe plane CALMK the curve GEGDKi 
which is called an epicycloid. 



13 
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Fig. 3. 




Il- 
ls. The circle CN P, which, in revolv- 
ing describes the epicycloid, is called the 
generating circle of the epicycloidy and the 
arc CALMK of the immoveable circle, 
upon which the generating circle revolves, 
is called the base of the epicycloid. 
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Fig. 4. 




III. 

14. When the generating circle revolves 
without the circle of its base^ as in Fig. 3. 
the epicycloid is called an exterior epicy^ 
chid; and when the generating circle rolls 
within the circle of its base, as in Fig. 4. 
the epicycloid is called aa interior epicy^ 
chid. 



COROLLARIES. 

I. 

15. As the generating circle in revolving 
from its first situation, C N P, to different 
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portions, AEF, L G H, &c ; applies succes- 
sively all the parts of its circumference to 
those of its base, it is evident the base, 
C ALMK, of the epicycloid is equal to 
the circumference of the generating circle 
CNPC,and each such portion, as CA, 
or C L, &c. of the base^ is equal to each 
part E A, or G L, of the circumference of 
of the generating circle. 

Hence a method of drawing the epicy- 
cloid, by describing the circles AEF, 
LGH, &c. which have all the same radii 
as the generating circle CNP, and touch 
the base C A L M K in any points A, L, 
&c; and by making the lengtlvof the arcs 
AE, LG, &c., taken from the points of 
contact with the base, equal to the arcs 
AC,CL,&c*. 



* In practice, this is most easily done, and tvith suf- 
ficient accuracy, by dividing each arc of the base, as at 
A C, into a number of small equal parts, and by set- 
ting off the same number upon each arc of the genera- 
ing circle, as at. A p. 
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Having thus detetthiDed as macij poiots, 
Ei G, &c. as may be necessary, the curve 
e E G DK, which shall pass throughthem 
atid the point C, where the supposed style 
of the generating circle was supposed to 
begin il^tracty shall be an epicycloid*; 

II. 

^ l6. When the generating circle C N P 
I'evolves within the circle of its base, and 
has for its^ diameter the radius B G of its 
base, the point C, the place of the style 
during the revolution of the generating 
feircle, will always continue in the diame- 
ter G B K. Hence the epicycloid described 
hy the style G is a straight Hne, . and a dia* 



* To draw the epicycloid mechanically, make the 
circle of the base and the generating circle of wood, 
and having fixed a tracer in the circumference of the 
generating circle, let the base remain at rest, and the 
tracer, during the rolling of the generating circle, will 
draw an epicycloid* — In order to make circles move 
with more accuracy, a small piece of tape may have 
one of its ends nailed to the circumference of the one 
circle, and the other end to the other circle. 
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meter of the circle of its base *; and the cir- 
cumference of the generating circle C N P 
being half that of the base, the commence- 
ment C and termination K of the epicy- 
cloid, must divide the circumference of the 
base into two equal parts, and the diame- 
ter A B of the generating circle being half 
that of K C of the base, when the gene- 
rating circle is in the middle of its progress, 
the point C must be in the centre of the 
circle of the base ; hence we have a point 
at the origin, in the middle, and at the end 
of the epicycloid, which all lie in the dia- 
meter of the base, and the whole epicycloid 
may be considered as coinciding with the 
diameter of the base.-f 



*Upon this principle a parallel motion has been 
constructed. It is used by Messrs. Fenton, Murray, 
and Wood^ in some of their smaller steam engines. 

For a short account of it, see Gregoiy's Mechanics, 
vol. ii. p. 265. 

t It would carry me too far into mathematics for 
many readers, where I strictly to demonstrate, that 
every point of the epicycloid must lie in the diameter 
of the base $ what is said however will, I hcqpe, satisfy 
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Fig. 5/ 



III. 

17. When the generating circle of the 
epicycloid, as in Fig. 6. is in any position, 
A, E, Bi touching the circumference of its 
base in any point A^ a straight line^ drawn 
from the point of contact A to the point JS, 
actualfy describing the epicycloid^ will be 
perpendicular to it. . 

This will be evident by supposing the 

them of the truth. The mathematical reader will find 
a demonstration of it in ^^ Cours de Mathematique, 
par Camus/' iv. No. 538; or English Translation of 
that part which treats of the Teeth of Wheels^ p. 24. 

C 



18 ON THE TEETH [bssay i. 

circles to be polygons, having a great num- 
ber of sides. For when turning on any 
of the summits, the tracer describes a small 
part of a circle from that summit as a cen- 
tre, and will consequently be perpendicular 
to it 



Fig. 6. 




IV. 

:18. Let us imagine in the same plane 
three circles, R,X,Y, Fig. 7, which touch 
in the same point A, and which conse- 
quently have their centres, F, B, G, in a 
straight line, and are moveable round their 
centres only 
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Suppose a style fixed in the ciroumfe- 
rftnce of the circle Y, and that the three 
circles are made to turn by the movement 
of one of them : if we make each of the 
arcs, A H, A C, equal to A E, then the 
style placed in E shall have described on 
the plane of the circle R, a portion CE o/* 
an exterior epicycloid^ and on the plane of 
the circle X, a portion YlEiof an interior epi^ 
cycloid. 



Fig. 7. 
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The two epicychidsj C E^ H £, traced in 
the same time by the style E, touch in the 
point E. For the straight line A E, drawn 
from the point A, where the generating 
circle Y touches its base R C, shall be per- 
pendicular to the two epicycloids, and the 
straight line H E shall touch the epicycloi4 
in the point E.* 

V. 

19. Let us next suppose, that the gene- 
rating circle Y has for a diameter the ra- 
dius A B of the circle X, within which it 
is placed, and that the three circles, R, X, 
Y, touch continually in the point A, as in 
Fig. 8. 

The interior epicycloid H E, which touches 
the exterior C E, shall be a straight line di- 
rected towards the centre B of the circle X, 
Art. 16, and consequently a portion of the 

* Because any triangle which can be inscribed in a 
semicircle, is a right-angled triangle. For manner of 
drawing a perpendicular on the end of a line, see sup- 
plementary definitions. Art. 65. 
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Fio. 8. 




radius B H^ which shall always touch the 
exterior epicycloid C E in the point E, 
where it shall be met by the perpendicular 
AE. 



Hence it follows, that when the two cir-* 
cles, R, X, touch continually, and the one 
causes the other to turn by contact at the 
point A, if we imagine a radius B H in the 
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circle X; and having made A C equal to 
A H, there will be described by the point 
C, an exterior epicycloid C E, which has 
for a generating circle Y, the diameter of 
which is equal to the radius B H, this ra- 
dius B H, during the movement of the cir- 
cles R, X, shall always touch the epicycloid 
in the point E, where this epicycloid shall 
be cut by the straight line A E perpendi- 
cular to its curve. 

Thus instead of supposing, that one of 
the two circles R, X, turns forward the 
other by the point of contact A, let it be 
supposed, that the one is made to push 
forward the radius B H, of the circle X, 
by an epicycloid C E attached to the cir- 
cle R, and described by the movement of 
the circle Y, the diaitieter of which is 
equal to the radius B H. 

One may be able thus reciprocally to 
make the epicycloid G E, attathed to the 
circle R, push forward by a radius B H ^a 
circle X ; and by means of the epicycloid 
G E, and of the radius^ B H^ the two cir- 
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cles^ R9 X, may be able to conduct them- 
selves as if put forward by the point of 
contact A*. 



For suppose the radius^ B H, and th6 
epicycloid, C E, to be teeth of wheels. 

Fig. 9. 

« To be satisfied of this 
experimentally, make any 
two circles of wood, as in 
Pig. 9; to the circumference 
of otte of thiem A, fix a piece 
of wood B, formed iqto an 
epicycloid, generated by a 
circle half the diameter of C 
upon A as a base. 

On the circle C, draw the 
line C D, and cut out the part bounded by that line 
and C E. 




If you cause one of the circles to move the other by 
the parts B, C iD, both circles will have the same ve- 
locity ; as may be ascertained by putting a mark oppo- 
site any point ip the circumference of each circle before 
they begin to move, and another after they stoj), and 
the distance between which, measuring by the. arcs, 
will be found equal. 
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X and Y ; and the perpend icular A E, from 
the touching surfaces in all situations, cuts 
the line of centres at the termination A of 
their proportional radii. But we saw. Art. 
11, that when this was the case, the pro- 
portional circles must have equal velocities. 

It is principally from this, that we shall 
deduce the best figure which can be given to 
the teeth of wheels and pinions^ when one 
part of the wheel and pinion^ or of both, 
ought to be a straight line tending to the 
centre of such wheel or pinion. 



VI. 



20. If in the same plane we have but 
two circles, R, Y, Fig. 10. which touch 
in the point A, and if the movement of 
the one communicate itself fo the other, 
by this point of contact, any point E of 
the circumference of the circle Y, de- 
scribes upon the plane of the moveable 
circle R, an epicycloid C £. 



SSSAT 1.3 



OF WHEELS, 



35 



FlO. 10. 




^..L >t' 



Suppose this epicycloid attached to the 
circle R^ it (the epicycloid) shall conduct 
the circle Y, pushing it round by the point 
E of its circumference, in the same man- 
ner as the circle R might conduct the same 
circle Y in communicating motion to it by 
the point of contact A. 



And in like manner, the point E of the 
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circumference of the circle Y, turns the 
circle R, in pushing it by the epicycloid 
C E, supposed to be attached to R, in the 
same way that the circle Y would conduct 
the circle R in communicating its motion 
by the point of contact A*. 

The same mode of proof applies here 
that did to the corollary immediately pre- 
ceding. 

This last corollary enables us to determine 
the best figure which can be given to the teeth 



Fig. 11. 




* The experiment to prove 
this is simikr to the former, 
but with this differetace, that 
in the circhmferetace of od6 
of them, A, is &ced a fine 
needle, which is made to act 
against a piece of wood, 
formed into an epicycloid, 
fixed upon the other, B, which 
fipii^doid is generated by A 
upon B as a baso. 
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of wheals, when the pinion shall be a trundle 
composed of staves. 

We shall likewise determine from it the 
most advantageous figure which can he given 
to the teeth of a pinion^ when the wheel shall 
have staves in place of teeth. 
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CHAP. II. 

OF THE APPLICATION OP THE PRINCIPLES OF THE 
CONFIGURATION OF THE TEETH OF WHEELS. 

21. Having eodeavoured to show, that 
an epicycloid is a curve, whereby two cir- 
cles may conduct themselves as if put for- 
ward by the simple contact of their cir- 
cumferences, I shall now attempt a prac-- 
tical explanation of this curve, in giving 
the best form to the teeth of wheels. 



SECTION I. 

Of Spur Geers. 

22. By Spur Geers is understood wheels 
acting together, and in the same plane, 
with their axes parallel ; under this head 
the wheel and trundle come first to be con- 
sidered. 
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Of the Wheel and Trundle. 

23. To determine the figure of the teeth 
of the wheel, which depends always upon 
that of the staves of the trundle, we shall 
first suppose the staves indefinitely small, 
and represented (Fig. 12 ) on the end of the 
trundle by the points A, E, H, &c.: when 
we have found the figure of the teeth pro^ 
per to conduct the indefinitely small staves, 
(which are used for demonstration only,) 
we shall, by means of that figure, trace the 
true form which should be given to the 
teeth of wheels to conduct trundles with 
cylindric staves of some magnitude* Thus 
the solution of this case, naturally divides 
itself into two parts. 



I. 

To find the Figure of the Teeth when the 
Staves are indefinitely small. 

24. Draw the proportional circles, c A C 
and e A E, and divide each of them into 
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the number of equal parts which it should 
have of teeth.* 

We have seen-f, if the circle c A C, 
which touches the circle c A E, have at- 
tached to its circumference an epicycloid, 
C E, described by the point E of the cir- 
cumference of the circle e A E rolling upou 
the, circle, cAC, the epicycloid conducts 
the circle c A E by the point E, as if con- 
ducted by contact at A, and consequently 
the circumferences of the two circles shall 
h^ye the same velocity. 

The epicycloid, C E, is then the best 
figure which can be given to the teeth of a 
wheel to conduct a trundle, the staves of 
which are indefinitely small, and therefore 
must move the stave E, in the direction 
from A towards E, until a second stave 
arrive, and be taken in the line of centres 

* This operation is called by millwrights setting off 
tfie pitch. By the pitch is understood the distance be- 
tweep the centres of two contiguous teeth* 

t See Chap. i. Article 20. 



32 ON THE TEETH [bssat i, 

by a second epicycloid, A B, which shall in 
like manner conduct this stave, A, until the 
arrival of another stave^e, in the said line : 
and thus the other staves of the trundle 
shall be conducted by the other epicycloids 
of the wheel. 

Here it may be observed, though per- 
haps already evident, that it is the convex 
side of the epicycloid which must be used : 
for though it be useful in some machines, 
to make the concave side of a single epi- 
cycloid conduct a point of a single piece 
moveable on a centre, yet were a number 
of teeth so formed, it would be impossible 
for them to act on a number of staves, for 
they would be so hooked and entangled as 
not to move forward in the smallest de- 
gree. 

Were it wished that the wheel should 
move the trundle in both directions, it is 
obvious that each tooth of the wheel should 
have its opposite sides, C E, L M, formed 
into equal epicycloids. 
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As we have supposed the staves of the 
trundle indefinitely small, were the teeth 
of the wheel also perfect figures, and 
^uallj distanced, there would be no need 
of other than indefinitely small spaces be- 
tween the adjacent teeth of the wheel ; but 
as perfect precision is not to be expected, 
a space more or less, such as A L^ must be 
left between them, to enable the wheel, 
Qotwithstanding the inequalities of the 
teeth and staves, to move the pinion. 

We have hitherto supposed the teeth of 
the wheel conducted by the staves of the 
trundle, but it is evident, had the teeth of 
the wheel the same figure* when conducted 
by the staves* the wheel and trundle would 
retain the property of moving with the 
same velocity. It may only be observed, 
that the staves of the trundle conduct the 
teeth of the wheel in approaching the line 
of centres, while the teeth of the wheel 
conduct the staves of the trundle in their 
progress from that line*. 

* See Article 28 of this chapter. 

D 
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To find the figures of the teeth of the whedj 
zphen the staves of the trundle are-cyUn^' 
ders of a finite diameter. 



t - 



25; Consider the trandle at isrit sA hav-^ 
ing infinitely small staves, repreiiteted by 
the centres of the staves^ A, £, H^Scc. ahd^ 
trace, as above mentioned, the teeth C L P, 
A Q N, &c. of the wheel, as if it hftd to 
conduct a trundle with infinitely small 
staves: observing to leave a small s|>ace, 
such as A Ij, between all the teeth, in order 
that they may act freely^ 

r 

f a • 

Describe, with the radius of the staves^, 
upon the plane of each tooth, as many 
small arcs as may be convenient, havings 
all their centres in the two epicycloids- 
whifch form the teeth. 

Trace, by means of these little arcs, two 
curves, such as R O, S O, parallel to the 
epicycloids, and then you will have inclosed 
the space, R O S, which is the figure 
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all the teeth of the wheel ought to have 
beyond its proporti&nal circle. 

For if we suppose, that the centre E, 
of a stave, is conducted by the tooth C P 
L; the curve RO, which is parallel to 
the epicycloid C P, and which is placed 
at the distance of the radius of the stave 
E, shall always touch the circumference of 
that stave. 

Thus the curve RO shall conduct the 
cylindric stave, as if the tooth CP L con- 
ducted the centre of that stave^ and con- 
sequently the tooth R O S, shall be a pro- 
per figure to conduct the trundle, with cy- 
lindric staves. 

The curved parts of the teeth of the 
wheel, being determined as above, the 

. . • 

spaces TS, Z &, &c. should be cut out, in 
order to admit that part of the staves which 
extends beyond the proportional circle of 
the trundle. 
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To describe the teeth of a wheel, for a trun- 
dle, by means of circular arcs. 

[A. 25.] Let C D be the line of cen- 
tres; EE the pitch line of the trundle; 
and FF that of the wheel; and suppose 
the centre of the stave A to be in the line 
of centres C D : then place one foot of the 
compasses in the centre of the stave A, 
and describes the arc b c, which is the form 
of the tooth. The part of the teeth of the 
wheel, within the pitch line, may be de- 
scribed with circular arcs as in the figure. 

Teeth formed in this manner will not 
sensibly diflfer from those described accord- 
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ing to the principles laid dowa in the pre- 
ceding articles, when the length of ^^ch 
tooth is not greater than is necessary* The 
reader will easily perceive, that the radius 
for describing the teeth, is equal to the 
pitch diminished by half the dfiameter of 
the stave ; and also that the centres of 
those arcs will always be in the propor- 
tional circle, or pitch line of the wheel. 



' ^ 



Some authors have itiagrned that the 
friction of the wheel add trundle might be 
reduced by making the staves rev9lve ; but 

it could not be effected so far as to balance 

-.■ ■-» >• .,..• «... » •• -1 '.'■•' 

the extra labour of construction, and where 
the strain would be considerable,, it would 
become quite iinpiraclicablei (See Ikae^-? 
son^s Mechanics,. prQp^ IIQ? rule 9; ax^d 
Transactions of the Society of Arts, voh 
KXxVb p. 128.) 

Smeaton appears to havebejen very par- 
tial to the wheel and trundle, when the 
trundle was executed; with cast iron staves ; 
these he recommended to be of an oval 
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vfigure, lUiciinBde smootb'bj^^gripdiiig^theai. 
(Smeatoo'3 Repotts, vol; fj 'p.-.31^«'^«oI'.»u. 
p. 391 and 423.) 

It may be demoDstrated that the least 
real radius of the wheel should be equal to 
the proportional radius added to half the 
pitch ; when the necessary allowances are 
made for wear, (see Art. B. 32.) and when 
the staves are of the same diameter as the 
thickness of the teeth. But when the 
staves are larger than the teeth, as in the 
figure, a less real radius is required. (£d.) 

Having considered the case of a wheel 
and trundle, with cylindric staves acting 
together, I am now to explain that of a 
wheel and pinion, two sides of the figure 
of whose teeth are straight lines directed 
ib its centre. 

Of the Wheel and Pinion. 

To find the figure af the teeth and leaves 
of a wheel and pinion j when that fart of the 
teeth and leaves^ which lies within their re- 
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tpective pnportumal circla are Uraight Una 
dirtcted to the centra q/' (Aue circUa. 

26. Having set off upon the proportional 
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circles, the points, G, Q, L, and, O, o, H, 
&c. according to the thickness of the teeth 
and leaves, draw lines from these points, 
tending towards the centre of their respec- 
tive circled, to serve as the sides of the 
spaces between the teeth, and between the 
leaves, the depth of which spaces must be 
such as to give room for the action of the 
curved parts of the teeth and leaves. 

Then describe upon the esctremities of 
the sides of each >tooth, epicycloids, such 
as Q D, L D, with the generating circle 
Y5 the diameter of which is equal to the 
proportional radius of the pinion, upon 
the circumference of the proportional cir* 
cle of the wheel as a base. 

• " • ■ ■ 

The mode of forming the teeth being 
thus shown, that of the leaves will be 
plain, y being the generating circle. of 
their epicycloid, upon the circumference 
of the circle of the proportional pinion as 
a base. 
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; We Jiave fiipenf i i^ the ; radius: 3^H ^of 
tbe pix^portional pa^OQ^ be jiutfaed ^bjTjah 
epicycloid C P, generated i by .the xirale 
.Yy upon the pitch line of Jhe. vdxpely and 
projectiog therefrom,) the. pioiQn shall tufti 
fwith the sarnie, velocitjt asi the wheel. />l;'. 

* 
* *' '•' .. •■ -^,. . ^ 

In the same .tnaoner it may. be proiced, 
that the. same. effect i wilt h^ rpKo^ino&d^M 
the epicycloid O M m, attached to the 
pinion, .be pushed towards the tine ^ofu cen- 
tres, by the radias, LF, of .the wheeL t)ii> 






Lastly 9 the two opposite' sides> oTitjoe 
teeth, ;andi(bl^ose:of the j leaves,. :vOughjtDtf 
have the same figure, for. the easetbf sub- 
tioQ, and to give the iwheeKanldpioioD ttte 
liberty of being moved in either direction. 



: M 



From these 'principles^ I hope, it^ wiil;be 
evident, ^tljat the figure -here. givrti toiithp 
teeth, will make- the. whieel and jMnion moa^fi 
with perfect regularity, / ^: : 

* Chap. I. Article 19. 
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.ii[A. 26.]1 To m^e tb&t partof aitddtih 
which iris .witbm. the ipitch line lOr pror 
portional xnrcle a straight, line^ as^ propowd 
ky^theii^uthor^ Beems to be the most ad^- 
tjaiitageoa8;;fonD9 becaase it causes lea«t 
presture on the axes. : 

\ f 

juiWhen ;tibeJteetb are :dsiail^ andido .not 
faq^ r:tD, at!;!: till thejT: arrive at thei tineof 
centres^ the' teeth of i the .wheels wiuen • the 
wheel drives J the pinionyvot* .the leaVe^i of 
theapinion^.iwhen the pinion drives the 
wheel, may be described by a circular arc 
of which the radius is equal to the pitch ; 
afidiofi>whicfaiithe<oeQCreis in the pitch Hue 
^:thejwbeel or pihion. 

• 1,' • ' I t '' ' I 4 'i.'i' ■ ' * 

s' ■s i .•/.»/.•» . • \ i . • . J i .' •...■.«J« » .. ... * ...J 

■ « k 

/...This ^methodwill alweiyS'en)able a> work-^ 
man I tdi execute short teeth D^arier to the 
true /orih 4;han any^ pattern tooth will en- 
able him to do. Pattern teeth and com- 
pound curves, are things that may on some 
occasions »be vei'y nseful ;i wherfe the teeth 
ar^long, and. of considerable magnitude in 
respect^ to that >of »the wheel or pinion to 
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which they belong. But in all the ordi- 
nary forms of wheel-work such operations 
must consume an immense quantity of Ta« 
luable labour to attain even the same : de- 
gree of accuracy that is at once obtained 
by means of circular arcs. When a pattern 
tooth is necessary, one of its adjustments 
should be the centre of the wheel ; and not 
two points in its circumference, as pro* 
posed in Imison^s Elements of Science and 
Art, (vol. i. p. 103.) because the latter me- 
thod at least doubles the risk of error in 
adjusting the pattern. 

When part of the action takes place be- 
fore the teeth arrive at the line of centres, 
the method of forming teeth proposed by 
our Author (Art. 32.) seems to be equiaL 
if not superior, to any other. And its prac- 
tical application is shown in Art A 32. (Ed.) 

Remarks. 

27. As it is the curved part of the teeth 
of the wheel, that should push the straight 
flank H K, of those of the pinion, in re- 
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moving from theJine of centres, and as. the 
point E, where the flank is acted upon, is 
a perpendicular drawn from A, it shall be 
always that by which the wheel shall push, 
it is clear, that when the extremity P, of 
the epicycloid CP^ reaches the point £, 
it shall cease to move the tooth H.K; if 
the extremity P, arrive at the point E, be- 
fore the flank O N, of the following tooth 
of the pinion has reached the line of cen- 
tres, the curved part, 0,.M, m, of this 
tooth, must be pushed by the straight 
flank L I, of the following tooth of the 
wheel, till the flank O N, reaches that 
line : so that in this case, the wheel con- 
ducts the pinion, at one time before, and, 
at another, beyond the line of centres. 

But were it so, that the extremity P, did 
not reach the point E, till after the flank, 
O N, had arrived at the line of centres ;^ 
it would not be necessary, that the curved 
parts of the leaves, should be pushed by 
the flanks of the teeth. Thus, in this case, 
the wheel would conduct thje pinion, in 
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pushing its leaves beyond tb& line of iceiiH 

ties only.' : : :: ./^ ^ ; 

•' ' ' ■ ■ • • • 

S8. It is the general opinion of those 
li^ho are in > the practice of constriictiiDg 
wheel work) thst teeth ought^ if pos^ble^ 
never to- begin: to act before they reaich! the 
Hue of centres, i a^ that mdder o£ iac^oa- « 
thought to occasion much uhiafecessary frio* 
tioiii* The cause of this great ininieceiN 
sarj^ friction, i^b^tt the teith are of. wood j 
a]^|)iear8 to be the following:^ 



■ t ■' < t ■ ' • I 



( . 



Friction depends not only upon th* 

* The increase of friction is not the only disfictyaitt-* 
tage from part di the action taking place. before. the 
teeth arrive at the line of centres. For when a mactiine 
becomes worn it causes considerable irregularity in its 
movements, in consequence of the action, in approach- 
ing the line of centres, tending to Spread the axes' of 
the wheels; while the action, in receding from that 
line, tends' to draw these axes together ; and htoee. oc- 
Gas^oAs Qdpre irregular action^^ frictipn, ^nd wear in the 
machine, in proportion to the wear of the parts. 

We have an obvious remedy in making pinions suf- 
ficieiltly lai'ge to alloW of the action being wholly cm 
one side of the line of centres. (Ed.) 
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pksmn^ ttladQ:i6ti:imotiag' bodiesv^ but on 
tbe" inequalities ;orf ^ tlie sur&ce upon . idiic^ 
ttmy bfove; add astheisuit&oes'eveiiof the 
most hifgfaly ' palmhed bodies haxre some. iiH 
equaltlSeflf,' -whenever two of : them are 
pvesi»edi Wgetheir^ the inequalities of the one 
iiiu8t«entdr tliie other. 

Suppose A and B to be a wheel and 



Fm. 15; 
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pinion, having wooden teeth, as they would 
appear through a microscope ; it is impose 
sible, though there be no other resistance 
than that arising from friction, to move 
them towards the line of centres, until either 
the centres, on which the wheels turn, give 
way, or some of the small inequalities, c, d, 
of the teeth be broken off.* 

On the other hand, a very small force 
will move the teeth outwards from the line 
of centres, as the small inequalities, c, df, 
and a, £, may then slide over one aaotber 
without being broken ; for the teeth, when 
so working, are mutually receding from 
each other in their point of contact, and 
the wheels move on their centres with 
ease ; and whereas, in the first case, they 
must have a tendency to force the centres 
on which they turn outward, from their 
true position, in the second, they have no 
such tendency .•f 

* See a further illustration of this subject in the 
Supplementary Observations. Art. 47, &c. 
t The true cause of the increase of friction is shown 
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^AgBLin^ when the teeth are of metaVthis 
unbecess^y friction seems to arise princi- 
pally after the teeth kre in some degree 
worn (Set Fig. 18, in p. 60.) The teeth in 
thkt ca^e bave a kinid of seat formed at their 
bwtomj and the carve at the outward exi- 
twetbity is too hiuch inclined td the radius, 
^^dvety abrupt. In the action whidi take^ 
pMCte before the line of icfentres, the sliding 
of the teeth 6f tfaie <;onducting wheel aldng 
those of the conducted, has a tendency to 
accumulate hardened grease, dust, sand, 
*ii)6: at the bottom, which getting between 
th'd^brttpt extremity of the tooth and thb 
»6ht at the. b^ttomy become like the key- 
ktonlb of at! arch, and must require often a 
'coAsidierable force to bruise the tcelh in 
this situation past the line of centres. 

Thus it appears, that the friction of teeth, 
approaching the line of centres, is much 



in Art. 48. The motion against the grain of the wood 
will scarcely have a sensible effect, except when the 
teeth are new. (Ed.) 
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greater than in receding from it. , : But. in 
cases where the pinion is small, the action 
in approaching to the line of centres, can- 
not be altogether prevented. M. Camus, 
in his ^^ Cours de Mathematique,'' has de- 
monstrated, that a wheel of 50 teeth can- 
not, conduct a pinion of 7 leaves, without 
their acting partly before they arrive in, the 
line of centres. He. also proves the same 
with. regard to 57 teeth and 8 leaves, 64 and 
^,72 and 10.* 

[A^28.] Since the calculations which 
Camus has given are confined to particular 
cases, and troublesome to apply to. new 
ones, because his method is indirect ; I will 
in these additional articles, investigated 
rule, which will be found somewhat more 
general, and of easier application* 



* See Canius on the Teeth of Wheels. English 
translation, p. 60 — 6^- 
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Fig .B. 



Let B be the centre of the pinion, and 
C the centre of the wheel ; then we have 
to ascertain the relation between the num- 
ber of teeth on the pinion and the number 
of those on the wheel, so that any tooth 
D of the wheel may arrive at the line of 
centres before the preceding tooth of the 
wheel quits the tooth A of the pinion. 

The last point of contact cannot be 
beyond the middle point of the tooth, and 
therefore the line A C will be in the middle 
of it, A being the point of contact. Also 
A D will be perpendicular to B A, the 
point D being in the pitch lines. 
E 2 
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Now by the principles of trigonometry 
we have this proportion ; A B : B C : : sin. 

C : sin. A = — -^ — But sin. A-r- sin. G 
= sin. B; therefore^ sin. C (^— J) = sin B. 

The primitive radius of awheel or pinion 
being proportional to the number of its 
teeth, it may always be represented by 
that number ; and if N be the number of 
teeth in the wheel, and n those of the 
pinion, we shall have BC^N+n. The 
line B A, being a side of a right-angled 
triangle, considering the radius unity ^ is 
found by this proportion ; 1 : cos. B ; : n : 
A B = w. COS. B. And the angle B is 
—^ ; consequently, sin. G {rg-i) =* sin. B 

= sin. C ( 36o~^)= ""• — • 



n COS. 

n 



[B. 28.] As the sin. C is^ in pra)cticAl 
c^es, sensibly equal to its corresponding 
arc, we may use the arc for the sine, which 
will render the equation much more sim* 
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pie- The arc is ^ j^ — ^ x 7-=*— jj— J which 
bdttg siibstittited for sin. G,-we have 



. . 360 
4712411(1 -COS. ) 



360 360 

n sin. — . COS. — 7-4*7124 
ft n 

^ 1- .360 360 1 . 2 X 360 

Or, because sin. — xcos. — =-s-«n. . 

(Gregory's Trigbnometrj, Chap. iv. Art. 20.) 

360 
9-4248 (1- cos. ) 

Nx: ^. 

. 720 9-4248 

sin.—— 

n n 

This equation gives a result nearer to the 
conditions required in the actual construc- 
tion of wheels and pinions than when the 
sine is used instead of the arc ; for it makes 
an allowance for the wearing away of the 
teeth. It supposes the teeth of the pinion 
to be the same size as the teeth of the 
wheel, which is the least thickness that can 
be given consistent with strength and 
durability. 

[C. 28.] The above equation shows, that 
when a pinion has less than 10 leaves, it 
cannot be conducted uniformly by a wheel 
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with any number of teeth whatever, unless 
they act partly before they arrive at the line 
of centres ; because the denominator of the 
second member of the equation becomes 
negative when n is less than 10. 

But a pinion of 10 leaves may be moved 
uniformly by a wheel with 209 teeth, when 
the whole of the action is after they arrive 
at the line of centres ; for in this case 7i=10, 
and by a table of sines, we find cos. 
.36^=-80902; and sin. 72'=-95106. There- 
fore ^^^^ (1 -8090^) - OOQ - N 

In like manner it may be calculated that 
a pinion of 11 leaves may be moved uni- 
formly by a wheel having not less than 28 
teeth ; and a pinion of 12 leaves when the 
wheel has not less than 15 teeth; so that 
the whole of the action may be after the 
teeth arrive at the line of centres. 

[D. 28.] The same equation may easily 
be extended to the case of the wheel, and 
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trundle, and as it does not appear to have 
been investigated, I shall here show the re- 
sult under the following conditions ; 1. The 
extremity of each tooth of the wheel is to 
be one third of its thickness at the root. 
2. The centre of the stave is to be in the 
pitch line when the point of the tooth quits 
the preceding stave. When limited to 
these circumstances the equation in Art. 
B. 28. becomes 

7*33 (l-cos.— ) 

N= !L. 

.540 7-33 

sin. . 

n n 

Whence it appears that a trundle with Jess 
than eight staves cannot be moved uniform- 
ly by a wheel with any number of teeth 
whatever. 

The same is true also of stave-formed 
teeth (see Art. A. 32.) when the wheel 
drives the pinion. (Ed.) 

29. From what I have already said, it 
will be evident, when the pinion consists 



66 ON THE TEETH Q»sAy u 

of such a nqD[iber of teeth^ as to be con-, 
ducted uniformly by the wheel in tccedmg 
only from the line of centres^ that eitoefit.m 
small numbers; the epicycloid is necessary 
oh the conductors only, whether it be-a' 
wheel or pinion. For instance, in Fig. 1^ 
which represents two nif heels of equal num? 
bers, A is the conducting, and B the con- 
ducted whed. But it is to be observed, 
when of two wheels acting on each othelVy 
sometimes the one, and sometimes the 
other, is the conductor, the teeth of both 
should be epicycloidal, as in Fig. 14. p. 40. 

When the t6eth of the conducted wheel 
or pinion are acted upon by those of the 
conductor, in receding only, from the line 
of centres, it may be remarked, if they 
were perfectly made, and of durable ma- 
terials, it would be unnecessary to extend 
the conducted teeth beyond their propor- 
tional circle. But these properties being 
unattainable, and as the angles which ter- 
minate their sides, would be apt to cut the 
conducting teeth, and occasion an irregtf" 
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Uuc motion* it is proper to form the ex- 
tremities .of the teeth of the coDductor, in 
the mahoer represented in the figure by 
Uie dotted lines. 



30. Sometimes it may be requisite to 
have but few teeth in the pinion. In such 
oases, in the conducted, whether wheel or 
pinion, I would prefer staves to teeth, pro- 
perly so called, or to leaves, because a 
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Fig. 18. 




31. A trundle has besides another con- 
siderable advantage aver a pinion ; which 
is, that it wf ars" HHieh more equally. Every 
one experienced; in wheel work knows, that 
when a pinion^ comes to be considerably 
worn^ the leaves ta|^e sbmewhat of the 
form represented at A, which is evidently 
the cause of a great deal of unnecessary 
friction, and strain io a machine. Whereas 
no such thing happens to the trundle. The 
trundle has, however, a defect perhaps as 



4 
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bad, if not worse, that of weakness. Its 
staves being supported at the ends only, 
are not long in use before they become 
quite unable to bear any considerable 
strain, and for this reason, it is now in a 
great measure disused in machines. It how- 
ever appeared to me, that a wheel might 
be made, which would combine the ad- 
vantages of both the pinion and the trun- 
dle, and I accordingly had some wheels 
made on that idea^ and they appear to an- 
swer every expectation. 

These wheels were made of cast iron. 
They were each cast of one solid mass. 
Ttie iippeir figure represents the edge view; 
a!iMl the lower the section of one of them ; 
whereby is shown the manner in which the 
teeth are supported, like the staves of a 
trundle at each end, and like the leaves of 
a pihion at the roots, but so very thin 
there, as to run no risk of having the com- 
mon fault of pinions just now noticed* 
They were difficult to mould: but were 
they to come more into use, I have ho 
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Fig. 19. 




doubt ingenious workmen would soon get 
over this obstacle.* 

32. I mentioned above, in cases where 
the pinion bad few teeth, that in the con- 
ductedi whether wheel or pinion, staves 
should be preferred ; but it is obvious, that 



* By. casting separate plates, with indent^ to fit the 
teeth, and bolting them together, the pinion might be 
made sufficiently strong: such a method indeed is 
used frequently in crane-work, where it has the im- 
portant advantage of preventing the vi^heels getting out 
ofgeer, (Ed.) 
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r 

the .method just described, of makiDg a 
small jtrundle of cast iroD, would not ap- 
ply to a wheel of a great number of staves. 
Nor is it in that case so necessary, as the 
greater the number of teeth are, the longer 
they will be in losing their proper figure. 
In such cases, therefore, staves^ strictly 
speaking, should not be used, but teeth 
made so as to produce the same effect — 
that is, having their acting parts of the 
figure of a stave. 



(k 
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What is meant will be better understood 
by inspecting the figure^ where the lines 
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show the alteration necessary on the tooth 
As in order to make it produce the effect 
of a stave ; which stave is represented by 
the faint dots. The dotted lines on dj re- 
present the alteration requisite to adapt it 
to the stave, it being necessary, as formerly 
proved, to have it a different epicycloid 
from what is required to adapt it to a 
tooth, whose acting part is a straight line, 
tending to the centre of its proportional 
circle. 

[A. 32,] Teeth seem to be very well 
adapted for various purposes, when formed 
on the principle recommended in the pre- 
ceding article. I therefore will endeavour 
to show a simple method of describing 
such teeth. 

It must be observed that the teeth to 

4 

resemble Staves are to be always on the 
conducted wheel or pinion ; thus affording 
the peculiar advantage of the wheel and 
trundle in either increasing or diminishing 
velocity. 



8» on the teeth 

Fig. C. 
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Let the teeth be divided as usual od the 
pitch lines, ££, FF; and on the con-^ 
ducted wheel C describe circles, as though- 
there were to be staves. Conceive the 
centre of one of these stave teeth to be iff 
the line of centres at A, and draw the line 
A B joining the centres of the stave teeth. 
Then the radius A b, from the centre A, 
will describe the curved side be of the tooth 
of the conductor, and the curved part b a 
of the conducted wheel. And since this 
radius is equal to tlie pitch diminished hy 
half the diameter of the circle of the slave 
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ieeth) and the centres will always be in 
the pitch lines of the wheels ; all the other 
teeth may be be easily described. 

[B. 33.] There^l radius, when the wheel 
is the conductor, may be very easily cal- 
culated with sufficient accuracy in this 
manner : Let b d he drawn towards the 
centre, so that dc \s equal to ^ of the 
tooth ; and make A d perpendicular to 

bd; then we shallhave ^A6*-Ad«=6rf. 
But A 6 is * of the pitch, when the teeth of 
the pinion are of the same thickness as those 
of the wheel, and Ad is sensibly equal 
to Vr of the pitch ; therefore if P=sthe pitch, 



n. ! • ' 
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Px ^— -— =6d.=-4714 P. ' And as in prac- 
tice we may always regard 6 d as the dif- 
ference between the real and proportional 
radius ; it being only a very small quantity 
in excess,* we have this rule : 



r- 



The real radius of a wheel, of the cop^ 

* The excess is the difTerence between the radius and 
the secant of the angle containing Vt of the pitch. - 

F 2 



58 ON THE TEETH [bssat i. 

trundle or wheel, whose staves are cylin- 
dric, will be less acted upon in approach- 
ing the line of centres, and consequently 
have less friction than a pinion or wheel, 
the sides of whose teeth tend to the centre. 

This will appear by Fig. 17, which re^ 
presents a stave, a, of a trundle, and a leaf, 
hj of a pinion, turning round on the same 
centre, A, and a tooth adapted to each, 
turning on a common centre, B. The 
thickness of each of the teeth, and the pro- 
portional circle of both wheels, are the 
same, and the proportional circles of the 
pinions are also equal, and teeth are each 
made of the greatest length which the in- 
tersection of the curves will admit, which 
turns out consideriably greater in the tooth 
adapted to the stave. The shaded parts 
represent the tooth adapted to, and acting 
upon, the stave; and the dotted lines re- 
present the tooth adapted to, and acting 
upon, the leaf. The teeth, in both cases, 
are represented as just at the point where 
they would cease to move the leaves or 
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staves, uniformly ; and it appears the stave 
is conducted considerably further beyond 
the line of centres than the leaf; hence the 
stave will be less acted upon in approach- 
ing the line of centres. 



Fig. 17. 




« . 
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then be conducted by the following tobt^ 
T Y V, and then it shall no longer be db-: 
solutely necessary, that the tooth RDS 
conduct the stave E. The tooth R O $ 
may therefore be teftnioated in thd ^oint 
X, where it shall touch the stave E, wbeti 
the point T of the following stave' shall be 
in the line of centres, and the distance 
X F of this touching point, from the- cen- 
tre of the wheel, shall be the leaM real 
radius which can be given to the whedl/' > 

.1 . .'•••• :i*"i I- ,. 

To determine the pbirit X, draw frOm 
the centre of the stave E to the poliiV T^ 
the straight line E T, and where this line 
meets the circumference of the stave E, 

you have the point required. ♦ * '-^ 

» 

^ . • . ' ... ■■•-■. t. ■ ^ F 

# 

34. The smallest real radius which can 
be given to a wheel, adapted to the leaf 
of a pinion;^ or the teeth of a wheel, must 
evidently be terminated by that point a' df 

: . ' . :. ...■-. ; :. v; 

* See Art. A 25 arid B 32, where such proportions as 
are applicable in practice are given. (Ed.) ^ ' 
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its tooth, which is in contact with the tootb 
or leaf e, after it has conducted it just; 
until the tooth following begins to act : 
thus a 6 is the smallest real radius of the 
wheel C. * 

But, in practice, perfect accuracy is 
not to be exfiected ; and though it were 
even practicable to have wheels perfectly 
accurate when new, yet the moment. they 
aire put in motion they begin to wear,, 
and deviate from the true figure of their 
teeth. It would therefore be attended with 
bad consequences, to make the real radiu? 
oo greater than what we have here deter-r 
mined it to be, which is the least which 

* When the wheel is conductor^ if we pursue the 
same mode of calculation as in Art. B 32, making P= 

26" 
the pitch, we shall have Px ^1 — ^='553 P. That 

16, when the teeth of the conductor do not begin to act' 
till they arrive at the line of centres, the real radius 
should be equal to *553 times the pitch added to the, 
proportional radius. But when the pinion is con- 
ductor^ the proportional radius is to the real radius, as 
the radius to the secantof the arc equal to the pitch. (Ed.) 



72 ON THE TEETH [ess ax i. 

can be given. How much greater it abould 
be, may be determined by circumstances.*^ 

35. But it appears to me^ that when 
wheels are made with their conductiiig 
teeth only epicycloidic, and the motion 
is steady, there is not mujoh danger of 
their being too long; for the loiigec the 
teeth are, the greater number of them, will 
be in action at the same time, and conse^ 
quently the strain will be more general, 
which will cause them to retain theit true 
form longer. Besides, though a tooth, from 
any accident, should be broken, the whed. 
will continue to go very well for a long tiqie.; 
whereas had its teeth been short, the wheel 
would, by such an accident, have been 



* I have been informed^ that Mr. Watt draws the; 
figure of teeth with segments and points^ what is 
below as well as what is above the pitch lines^ and that 
for small strains and great velocities, he uses the 
pitch line near the root of the driver, but upon other 
occasions, he uses it just in the middle, as giving the 
greatest number of touching points, which certainly adds 
to the strength of the wheels. 
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TO&deiied. tiseless. I am however aware^ 
that very long teeth are less able to su&tain 
any sudden stress upon their extremities. "^ 



But even supposing the teeth, made in 
the manner above described, to be no 
longeir than those formed epicycloidic, 
upon both the conductor and conducted, 
yetKthe former will have less friction, and 
^nseqiiently wear longer than the latter, 
^if^' if they be of the same length, and 
f^^^i^dlne thickness at the roots, they must 
bir equally strong. Let Fig. 21 repre- 



4^::. .-' 



Fig. 21. 




See the last paragraph of Art. 61 . (Ed.) 
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tient wheels having the leeth of both con- 
ductor and conducted epicycloidic. In 
Tig. 22, those of the conductor only are 




Fig.! 
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epicycloids, and by inspecting the figure, 
it ivill be made obvious, that the teeth of 
A B, even when the wheels are new, must 
act as much upon each other, in ap- 
proaching the line of centres, as they do 
in receding from it. Whereas thfe teeth 
of CD, when new, do not begin to act 
until they arrive in the line of centra; 
and d.cpnducts D much further beyond 
that line than A does 6 : and even when 
much worn C D acts but very little before 
the line of centres. But it was formerly 
bpseirved, that when pinions have few 
teeth, they must act before they arrive in 
the line of centres, and consequently in 
suqh cases, the teeth of both the conductor 
and conducted, ought to be epicycloidic. 
Hence arises one of the disadvantages of 
wheels and pinions having few teeth, a 
fault carefully avoided by every good mCr 
chanic. 

It has been mentioned to me, that the 
following rule, in order to determine the 
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OBSBRVATIONS. 

37. On this rule, I beg leave to re- 
mark, that it does not seem to me to be 
founded on any satisfactory principle; 
were the pinion, at all times, the conductor, 
I should not perhaps differ from Mr. Mur- 
ray, because the action of the teeth woald 
be, in that case, generally after their arrival 
at the line of centres. 

But in case the wheel were the con- 
ductor, the action of the teeth would ge- 
nerally be almost entirely in approaching 
the line of centres. 

The evils arising from this mode of ac- 
tion, I have already, I hope, clearly prov- 
ed, (see Art. 28.) it is therefore unnecessary 
here to repeat them. 

understood as if made on involute teeth ; the proper- 
ties of \^ich our author has not been much acquaiDted 
with. . See Chap, III. Art. 44. (Ed.). 
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When the wheel and pinion are nearly 

of the same diameters, as in Fig. 23, the 
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effects are not: so obvious as 'when. the 
piniQti is fuuch -smaller than the, wheel, as 
in Fig. 24. 



O^ THE INTERNAL flKi£>N. 



38. When a pinion is to act internally , 
as in figure 25, it is e?ideat, that the 

Fig. 25. ' 
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tee^ may be formed on die principles 
already laid down, with this difference 
only, that the epicycloid generated by 
the proportional circle of the pinion upon 
that of the wheel, 3hoald be an interior 
epicycloid. 

The internal pinion may be adopted in 
many cases with advantage, as it has less 
friction than the external one. 

39. To illustrate this, (See Fig. 26,) let A 
foe the pitch line of a wheel, B that of an 
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internal pinion^ and C that of an external 
pinion. 

, ■ ■ • . . 

Suppose the circle A to be moved till 
the point a arrives at by and that the points 
c c?, in the circles B C, have both moved 
over a space equal to a b. Now it is evi- 
dent, that the distance from c to £ is 
much less than that from b to d^ and con-* 
sequently had the circles moved one an-* 
other by means of teeth, a tooth of the 
interior circle B, in the same part of a 
revolution, would have slid over a smalle? 
part of a tooth of the circle A, than a 
tooth of the exterior circle. C, and there- 
fore w^uld have had less velocity. But 
other things being equal, the less the ve- 
locity, the less the friction; an interior 
pinion has consequently less friction than 
an exterior one.* 

It is upon this principle, that bevelled 
wheels have less friction than external spur 

* See Art. 46. 
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wheels ; bevelled wheels acting in a mean 
9ttu9tioD between external and internal 
spur wheels. * 



O^f the Mack and Pinion* 

40. What is called the rack and pinion^ 
is used for various purposes in mechanics ; 
as in jacks for raising great weights, and 
for the opening and shutting of sluices. 

The rack and pinion should be maae 
upon the principles of spur geers ; with this 
difference only, that in forming the teeth, 
the cycloid is, for reasons obvious from its 
definition, used in place of the epicycloid, f 

Doctor Johnson gives this definition of 
the cycloid: "A geometrical curve, of 
•• which the genesis may be conceived by 

* The notion that bevelled wheels have less friction 
is not correct y unless in the case wberef the teeth are in 
the concave isurfac3 of a cone^ as in Fig. 32^ p. 90. (Ed.) 

r 

t See Art. 62. (Ed.) 
g2 



84 



ON THE TECTH 



[bshav n 



^^ itnagiBing a nai] i& tbe ckcntAhtemae 
*' of a wheel : the fine which the nail de^ 
" scribes in the air, while the wheel fp- 
" volves in a right line, is the cycloid/' 

Thus A B C, is a cycloid generated by 
the point a, in the circle D,. while it revolves 
on the right line AC. 

Fig. 27. 




The figure represents the teeth of a racfe 
and pinion, formed in what seems the best 




Fig. 28. 
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jjKxle in ca&es where a great weight is at- 
ttd)ed to the rack. 

r 

The leaves of the pinion are made as 
long as the curve will admits in order to 
prevent them from beginning to act before 
they arrive in the line passing through 
the centre of the pinion^ perpendicular 
to the rack. Were they to act much be- ^ 
fore they arrived in that line, which may 
be considered as the line of centres, and 
against a very great weight, they would 
be apt to jam, and run the risk of their 
being broken, or, at least, very much in- 
crease the friction * 

4 

(A. 40*1 The coastruction above pro- 
posed for the rack and pinion not being 
exactly correct, I will here endeavour to 
teinedy that diefect. 

If a pinion move a rack, and the dotted 
iine A B be the pitch line of the rack; 

* See this Chap. Art. 28; also the Stipplementtoiir 
Obsepvations. ^ 
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aiid the dotted circle CB the pitch Ufle 
of the pinion; then the cftnred side C D 
of the tooth of the pinion should, be an 



'Eio. D. 



u 



'.J. J: 



involute of a circle. Or, it is that curve 
which a point in a cord troul^ describe 
on the pinioQj "were the pioion tnra^ 
by drawing the cord constantly in the 
direction A6; the cord being supposed 
to be wound round the pitch circle of 
the pinion. Now as BD is the part of 
the cord which unwinds from the arc C B, 
it is obvious that the pitch lines move with 
equal velocities } and the force acting con- 
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stantly at the same distance from the cen- 
tre of motion, the force will be constant, 
except that variable part which is lost in 
fiiction. 

£R 40.] In order that the teeth M)f the 
rack may be durable, and not liable to cut 
the face of the teeth of the pinion, they 
should extend beyond the pitch line of the 
rack; and the teeth of the pinion should 
be of sufficient length for one to move the 
rack, till the following tooth arrives at the 
point B. To determine the length that will 
fulfil the latter condition, or what amounts 
to the same thing, to £nd the risal radius of 
the pinion, we may suppose a line drawn 
from the point C, to the centre E of the 
pinion ; also make F B perpendicular to 
C E, and F D perpendicular to F B. 
Then, by similar triangles we have F B : 

B D : ; B E : the real radius=^^^^. But 

B D is equal to the pitch, and F B to five 
sixths of the pitch, therefore the real ra- 

dius=-^^r — . That is, the real radius should 
5 ' 

be six fifths of the proportional radius. 
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In ordinary cases, the curved surfaces of 
the teeth of the pinion may be described 
frooi centres in the pitch circle^ with the 
radius DB. And instead of making the 
teeth of the rack square to the pitch line, 
they may foe described by the same radius 
B D, from points in the pitch line of the 
rack ; and the ends of the teeth as well as 
the hollows to recdive them, in the pinion 
may be semicircular. This mode of forrn^ 
ing the teeth will make them very strong 
without alSecting the motion. 

[C. 40.] When the rack impels the pi- 
nion, the curved face of each of the teeth 
of the rack, should be a portion of a cy^ 
cloid (as A a Fig. 27.) and the leaves of the 
pinion straight lines radiating from the 
centre of the pinion ; the diameter of the 
generating circle for describing the cy- 
cloidal teeth should be half the proportional 
diameter of the pinion. (Ed.) 
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SECTION II. 

Of Bevel Geer. 

41. Hitherto our inquiry has been con- 
fined to what is called spur geer» or the 
action of wheels and pinions whose axes 
are parallel: we come now to speak of 
what is called bevel geer^ or the action of 
wheels of which the axes are angular to 
each other. As we formerly regarded the 
action of spur geer, with teeth indefinitely 
small, as the rolling of cylinders upon the 
surface of each other, we may now regard 
the action of bevel geer with such teeth, as 
the rolling of cones in a similar manner. 

In order to illustrate this, let us sup* 
pose it is required to make one wheel 
move another, the axes of which are not 
parallel. 



fiO 
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Fig. 29. 




Pig. 30. 




Pig. 31. 




» 



Fig. 32. 
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Let A B, AC, be tbdr axes and D E, 
£ F, their proportional diamelen or pctck 

lines. 

To the point A, where the axes iolemct. 
draw AE, AF, AD; thenDAE. aod 
£ A F, shall be the outlme of two 
which rolling the one Dpon the 
of the other, will both rerolTe, so tiax, 
like two cylinders with their axes parafld,-!' 
all the corresponding points io each, skiH 
move in every* part of their revokitios widi 

equal velocity. 

"■ ■ • . 

For, suppose any touching point D, the 
diameters of the cones at that point shall 
bear exactly the same proportion to one 
another, that their bases do. The 



'* These cones we shall call the proportional cooes 
of the wheel and pinioiu 

t It is to be observed, when the axes are in certain 
inclinations, the surface of one of the cones become* 
concave, as in figure 32; in others, ai^ in figure 30, the 
point A is in the same plane with D K 
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paay be «aid of ev^y other point pn their 
surfaces, and consequently they sbfiU. re- 
volve in the same manner as two cylinders 
having* their axes parallel, and the cones 
may be considered as bevel ivheels if^ith in- 
definitely small teeih. 

But in practice^ we require finite and 
sensible teeth: in bevel ge&r, these are 
made similar to. those of spur geer, with 
this difference, that in spur geer^ tii0y 
are parallel; but in bevel they must, as 
is evident, diminish in length and thick- 
ness, as they approach the summit of the 
cone. 

The teeth may be made of any breadth* 
according to the strength required, jaicid 
they are thereby enabled to overcome a 
much greater resistance, and work smooth- 
er, than is possible for a common face 
wheel and trundle, which, for that reason, 
are now superseded by bevel geer. 

42. The epicycloid, which gives the 



mie curvd to the teeth of bevel geer, 
«^er8 &om that used ia spur geer, in 
being generated by the rolling of cm^ 
cone upon the surface of anothef, while 
their aummits cc»ncide. 

Thus for example, in the figure, the 



eurre, A B C, is described by a supposed 
stylte, fixed in the point A, of the circun)- 
ferettce of the base of the cone A D E, 
while it rolls upon the eone F C A £. 

The style A, being always at the same 
distance from the point E, where the sum- 
mit of the cone is fixed, all the points of 
the curve ABC, shall be equidistant from 
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the point !|S, and consequently upon the 
surface of a sphere which shall have the 
point. E for its centre* 



« • . I 



Hence the curve is called. a spherical 
epicycloid. 

The circle A G D H, which in rolling 
describes the spherical epicycloid, is named 
the generating circle of that curve ; and 
the part A C, of the circumference upon 
which it rolls, is called the base of the 
epicycloid. 

When the sphere is given upon which 
the spherical epicycloid is required to be 
traced, and we know the size and position 
of the rolling cone which should generate 
this epicycloid, it will be easy, from what 
I have said relative to the plane epicycloid,* 
to find as many points of the curve, as 
may be necessary, and it will be evident, 
that what is said on spur geer, respecting 

• - • ■ 

: • ■ ...» 

* See Chap. I. Art. 16. 
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the ipost adyantagedus 6gure of their teetfa^ 
is all applicable to bevel geer; with this 
ctifference^ that the spherical is substituted 
for the plane epicycloid. 



, In order therefore to avoid tedious re- 
petitions, I shall immediately proceed to 
give some account of what seems the best 
practical method of laying down the lines 
necessary to the right construction of be- 
vel geer. . : 

. 43. Having calculated the proportional 
diameters or pitch lines of the . wheel and 
pinion, draw their axes, A B, A C, in the 



Fja. 34. 



--c 
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strength for the purpose to which it is to 
be applied: but patterns for cast iron 
wheels are usually made as represented in 
the plate. 



Fig. 35 




BssAT I.] OFr WHEELS* 99 

Having thus drawn a section of a tooth 
at G^ draw in the same manner one at D, 
then D, I, G, L, will be the section of the 
wheel, in which e, A, «, L, a, represent the 
space occupied by the arms. The dimen-: 
sions of these, and their particular form, 
may however be varied according to cir- 
cumstances. : 

The mode of drawing the section of 
this pinion will now be obvious, by in- 
specting the figure, where it will be ob- 
served, that the teeth of the pinion are 
made a little broader than those of the 
wheeL. This is a practice generally . fol- 
lowed, as the teeth by this means wear 
more equally than otherwise they would. 

[A. 43.] For the use of young mechanics, 
I will, in these additions, attempt to free 
the principles of constructing bevelled 
wheels of part of their intricacy, first 
briefly noticing the old principles. 

The teeth of bevelled wheels, for moving 

n 2 
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oiie another uniformly, may be fprnoied lac- 
cording to different principles; ^ -Thdsfe 
which have been deUvered, are,' firsfv' 
When the' wheel drives the: piriiony the ac^ 
ting faces of the teeth of the wheel, should 
be portions of a spherical epicycloid, gene^ 
rated by the revolution of a cone, (as de- 
scribed in Art. 43, Fig. 33.) of which the 
base is half the diameter of the pinion, and 
the teeth of the pinion plane surfaces di- 
rected to its centre. (Camus oq the 
Teeth of Wheels, art. 569. Brewster, Edi«i^ 
Ency. vol. xiii. p. 575w) Second, If ibe 
teeth of the pinion be staves, or formed to 
act as staves, then, when the wheel drives 
the pinion, the actiug faces of the teeth of 
the wheel should be portions of a curve 
parallel to a spherical epicycloid, generated 
by the revolution of a cone, of whicK the 
base is equal to the diameter of the pinioii. 
(Camus, art. 56(X Brewster, Edin. Ency. 
vol xiii. p. 575.)- To these a 1;hird may be 
added, that is. When the pinion drives the 
wheel, the most advantageous form for the 
acting faces of the teeth of the pinion, will 
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be a {Spberical involute of a circle^ the 
teeth of the wheel being plane surfaces di- 
rected to its axis, f 

'The deiscription of these curves is not a 
very siniple operation, npr yet adapted for 
application in practice; I shall therefore 
propose a new method, which appears to 
have escaped the notice of former in- 
quirefs, one which is general ; spur wheels, 
racks, &c. being particular cases of its ap- 
plication. (See Fig. £, p. 103.) 

(B. 43.) If A B be the axis of a pinion^ 
and A C the axis of the wheel, DE the 
proportional diameter of pinion, and D F 
that of the wheel, if C B be made perpen- 
dicular to A D ; then, the proper form for 
the acting surfaces of the teeth, may be 
described upon the surfaces of the cones 
DEB, and DFC. And since the sur- 
faces of these cones can be spread out, or 
developed upon a plane surface, the form 
of the teeth proper for communicating 
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equable motion^ may be drawn upon a 
plane. 

[C. 43.] But tbedeveloperaentofacone 
is a sector of a circle of which the radius 
is the slant height of the cone, and the arc 
equal to the circumference of the base of 
the cone. Thus, if the arc DG, be de- 
scribed with the radius C D ; this arcD G 
will be the developement of part of the 
circumference of the proportional circle 
or pitch line, of which the diameter is FD, 
then D C G is part of the developement of 
the cone, and in the same manner the de- 
velopement DBH, of part of the cone 
D BE, may be described. For in prac- 
tice, a small portion of the developement 
is sufficient 

Now, if the sectors that would cover 
part of the cones D B E, and D C F, be 
considered portions of spur wheels, and 
the teeth be formed, so that these sectors 
would move one another equably, by the 



ESSAY I.] OF WHEELS. 103 

methods described for spur wheels^ (see 
Art A 25, A 26, A 3% A 44, &e.) on sheet 
copper, or any other flexible body that 
could be applied upon the surfaces of the 
co&es, the outline of the -teeth formed by 
these patterns, would be such as are adapt- 
ed for bevelled wheels. 

[D. 43.] The breadth of the ttieth'dD. 
being settled by the same rules as for plane 
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sptir wheels^ draw cb through d, .parallel 
to-G B* (13hferi the fotm of the ioleaidr end 
of the ^eethr 'may i b& ibund by » spreai^d^ 
out the cones ^2 c/, and dbe^y ^ut'thisiis 
more eaiiily done by making df A: psndtel 
to the axis A C, and from the' pqrnt vfrf 
where thi€ line cuts^CB^ lii^itli the^ radiiis 
C kj describe the arc k g, which is part of 
thfe ^deivelbpeineiit cf the propo|tk>hal cir- 
cle at d; Now lines drawn from the teeth 
on the arc D, to the centre C, will deter- 
mine the magnitude of the teeth at the arc 
k ; and the teeth may be described there 
accordingly, as is shown in the figure. 
Also, when di^ is drawn parallel to A B, 
we shall have B$ equal the radius of the 
developement of an arc of the proportional 
circle of the pinion at d ; and on this arc 
the pattern teeth should be described for 
the interior ends of the teeth of the pinion, 
as indicated by the lines in the figure. 

Thin copper will be very well adapted 
for the patterns, and it will be desirable 
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that there should be two teeth upqaeach 
pattbrn^ but more wiU not be necessary. ; 

* * t •• 

M», . , -. ■ ■ ■ ,•.,.. 

-i ' ♦ • « ! ♦ . , *. . . .... I I 

I 

"A The itimit of the • pi tch unll be the same 
za for spur wheels, (see Art. C, 102;.) and 
the 'breadth of the teeth is also to be regu* 
kted by the same, rules. 

The length of the teeth, the friction of 
them, and the peculiar advantages of the 
different modes of forming them, may be 
considered on the developed pitch lines in 
the same manner as if they were the pitch 
lines of spur wheels ; consequently every 
remark that applies to the one, applies to 
the other. Indeed, the only difficulty in 
this construction of the teeth of bevelled 
wheels, consists in applying the patterns 
correctly to the conic surface whereon the 
ends of the teeth are to be described ; but 
it is a difficulty which is very easily over- 
come by having proper lines on that sur- 
face, to adjust the corresponding lines on 
the pattern by. 
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Perhaps it will be of use to make a few 
small models of wheels, in order to fully 
understand the process, and apply it with 
certainty of success. For though it is ex- 
tremely simple to those accustomed to 
work by developed patterns, such as car- 
petaters, joiners, and masons,^ it may not 
appear so, at first, to others. (Ed.) 

N - 

♦ See the art. Joinery, Supplement to the Ency-» 
clopsedia Britannica, §• 11^^17; or NipbolsoQ's C^r* 
penter's Guide, p. 18, 
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CHAP. III. 

44. I shall now proceed to describe a 
mode of forming the teetli of spur wheels, 
the first hint of which, I have been inform- 
ed, was given by Professor Robison, of 
Edinburgh. In order to understand the 
description and demonstration, it will be 
necessary to recollect what was proved in 
Chapter I, Art. 11, viz. That if a wheel 
move uniformly, it is necessary, in order to 
move another wheel uniformly, that the 
form of the teeth be such as that the per- 
pendicular from the touching surfaces in 
all situations^ cut the line of centres, in the 
same point A, which point divides the line 
of centres, so that the one part A B, shall 
be to the other A G, as the number of teeth 
in the one wheel B, is to the number of 
teeth in the other G. 

This being understood, let B and G be 
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Fig. 37. 




the centres of the two wheels, and def^ 
g A i, the. rings upon which the teeth- arc 
placed; the diameters of which rings rare 
to one another, as their number of teeth. 
If the thread kdj be lapped round the 
ring 5 as it folds up, its extremity A:, i^ill 
describe the curve A:, /, m. It is evident, 
that the thread in describing the curve, 
is perpendicular to it; and the thread, e, 
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^/,A, is therefore peipendicukr to the 
cuiFYeiat /, or A. In the same maDner it 
may be shown, that the point n^ of tfab 
thready. gn, will describe. a ^ similar curve^ 
nopf which is perpendicular to thethtiead 
gn, hoj i A, at the points, «i o and A^ if 
therefore m^Ajly A:, be a curve formed by 
the evolution of the ring B, aild nop, be a 
curve formed by the evolution of the ring 
of the wheel G, a line drawn through Jtbe 
point of contact A, perpendicular to the 
touching surfaces, will touch both rihgs in 
the points/ and i, and the two curves^ 
supposing them teeth,, will act as if the cod 
pulled the other by the thread if. The Jiad 
i/, will be the line of action ; that is, the 
teieth will always touch each alhe¥ in a 
point of this line, apdsincejtbis line, always 
passes through >the sar&e p^int joftbeilin^ 
of centres, B G, the aiclion will be imvari^- 
able ; so that if the one move uniformly, 
the other will also move uniform?^, and 
two weights whiich balance > in i^i% qntf(h- 
uUxnty will balance in all jpositioo^s of the 
teeth* .- '".... 



-li 
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It is obvious, that though these teeth 
must work, both before and after passing 
the line of centres, that they will work 
with equal truth, whether pitched deepbr 
shallow; a quality peculiar to them, and 

of very great importance. 

» 

[A. 44.} The following properties of in- 
volute teeth are of most importance in 
wheel work. 

1. When the wheel drives the pinion, 
the greater part of the action will take place 
before the teeth arrive at the line of cen- 
tres. 

2- When the pinion drives the wheel, 
they act chiefly after passing the line of 
centres J and therefore involute teeth are 
most adapted for this case* 

3. When the teeth are long, the action 
is very oblique, causing much unnecessary 
stress upon the axes ; particularly when 
the wheel impels the pinion. 
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It may be remarked, that when a thread 
winds off from one circle to another, and 
these circles touch one another at the cir- 
cumference, a point in the thread will de- 
scribe an epicycloid ; and the same epicy- 
cloid would be described by making the 
circle from which the thread winds off, the 
generating circle, the other being the base. 

The length of involute teeth may be de- 
termined with sufficient accuracy by the 
rule, Art. 36. (Ed.) 
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SUPPLEMENTARY OBSERVATIONS. 

45; The foregoing Essay was written seve- 
ral years^ before the publication of the Sup- 
pIfeiBent to the Encydopa^ia JSritannica. 
P^Foifessor Robison has there (Vol. II. pftge 
108, 106) described and recommended tlte 
mode which will be found, Chap. III. of 
forming teeth of wheels by involutes of 
circles. Dr. Brewster, however, in his se- 
cond Edition of Ferguson s Lectures, Vol. 
II. page 227, observes, that this principle 
is not new ; De la Hire having long ago 
considered the involute of a circle, as the 
last of the exterior epicycloids ; which it 
may be proved to be, if we consider the 
generating straight line as a curve of infi- 
nite radius.* 

Professor Robison says,t that " this 
form of teeth admits of several teeth to 

* See Art. 53. (Ed.) 

t Encyclopaedia Britaniiica, Volume XX. page 104. 
See also Rees's Cyclopaedia, Art. Clock Movement. 



ESSAY I.] OP WHEELS. 113 

be acting at the same time, (twice the 
number that can be admitted in M. De 
la Hire's method.) This, by dividing the 
pressure among several teeth, diminishes 
its quantity on iany one of them, and 
therefore diminishes the dents or impres* 
sions which they unavoidably maike on 
ieach other. . It is not altogether free from 
sliding and friction, but the whole of it 
can hardly be said to be sensible. The 
whole slide of a tooth, three inches long, 
belonging to a wheel of ten feet diameter, 
does not amount to ,vth of an inch, a 
quantity altogether insignificant.'^' 

In the same article, this highly respect-' 
able philosopher was mistaken, in sup- 
posing, with other eminent authors, that 
the mutual action of the teethj (when formed 
into epicycloids, by the method of M. Ca- 
mus,) is absolutely/ mthout friction^ and in 
saying, " That one tooth only applies i/- 
self to the other ^ and rolls on it ^ but does 

* See Art. 51. (Ed.) 
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not SLIDE or BUB on it in the maUeU 

I 

degree. This makes them last longi or Hither 
does not allow them to wear.'* A very slight 
examination of the figures given in vari- 
ous parts of the preceding Essay, will, I 
hope^ show, that the point of contact 
must slide from the pitch line of the con- 
ducting tooth outwards. Dr. Young, in 
his Natural Philosophy, Vol. II. page 185, 
says, that "a /arm [of teeth,] without fric* 
tion^ is perfectly impracticable^ although^ fot 
a single toothy possible.** 

46. In the first volume of the same work, 
he makes the following judicious obser^ 
vations on bur present subject : 

" It has been supposed by some of the 
best authors that the epicycloidal tooth 
has also the advantage of completely 
avoiding friction ; this is however by no 
means true, and it is even impracticable 
to invent any form for the teeth of a wheel, 
which will enable them to act on other 
teeth without friction. . 
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'* Iq . order to dimiDish it as much as 
possible, the teeth must be as small aud 
lis .numerous as is consistent with strength 
and durability ; for the effect of friction 
always increases with the distance of the 
point of contact from the li)ie joining the 
centres of the wheels. 



(( 



^ In calculating the quantity of the 
friction, the velocity with which the parts 
6lide over each other has generally been 
taken for its measure : this is a slight iur 
accuracy of conception, for, asi we have 
already seen, the actual resistance is not 
at all increased by increasing the relative 
velocity ; but the effect of that resistance, 
in retarding the motion of the 'wheels, 
may be shown, from the general laws of 
mechanics, to be proportional to the re- 
lative velocity thus ascertained. When 
it is possible to make one wheel act on 
teeth fixed in the concave surface of an- 
other, the friction may be thus diminished 
in the proportion of the difference of the 
diameters to their sum. 

j2 
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If the face of the teethy where .they 
are in contact, is too much inclined to 
the radius, their mutual friction is not 
much affected, but a great pressure on 
their axes is produced ; and this occasions 
a strain on the machinery, as well as an 
increase of the friction on theaxes/^* 



The concluding part of these observa- 
tions appears to me peculiarly applicable 
to the figure of teeth described in our last 
tjhapter; for in wearing, they will be more 
liable than many other forms, to have iAe 
face of the teeth^ where they are in timfactf 
too much inclined to the radius. ' 



* Young's Lectures, Vol. L p, 176. 
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Remarks on the Friction of Wheel Work, and 
on the; Forms best suited for Teeth. 

In a Letter from Da. Young. 

47. "I have beea considering your ob* 
servations on the difference of the friction, 
accordingly as the teeth touch before or 
after the line of centres; at first I was 
disposed to doubt of the fact ; but, upon 
more mature examination, I found that^ 
like many other practical observations, 
they went beyond the scope of the doc-* 
trines of theoretical writers. I cannot how-* 
ever perfectly agree with you as to the 
explanation of the fact; but I will state 
to you briefly my opinion on the subject, 
not having leisure at present to enter into 
a more ample discussion. 

" The magnitude of the friction has 
usually been estimated by the relative 
velocity of the surfaces concerned; a 
mode of calculation, which, as I have 



118 ON THE TEETH . {kssayi. 

observed in my lecture on machinery, is 
only so far correct, as it shows the com- 
parative effect of a given friction in re- 
tarding the machine. But in fact the 
primitive friction itself is liable to vari- 
ation, according to the obliquity of the 
surfaces; for since the friction is nearly 
proportional to the mutual pressure, it 
will be greater or less, as the direction 
of these surfaces is more or less inclined 
to the radii, the force of rotation* being 
supposed to be given: and, what is of 
still more immediate importance to the 
resolution of the difficulty in question, 
the direction of the force^ by which the 
one wheel acts on the other, is not to be 
considered as perpendicular to the surface 
of the teeth, but as oblique to it, being so 
situated as to oppose the joint result of the 
direct resistance and the friction; that is, 
as being inclined to the, surface in a certain 
constant angle, which a late anonymous 
writer has called the angle of repose, and 
which is equal to the inclination of a plane, 
on which one of the substances concerned 
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would begin to slide on the other by its 
gravitation. 

48. " Let the tooth A impel the tooth B 
with the given force A C, perpendicular 
to the commoD surface of the teeth; 
make CAD equal to the angle of re- 
pose, then the force must act in the 
direction A D, and making C D parallel 



Fig. 38. 




to the radius A E, A D will be the actual 
pressure : then drawing D F parallel to 
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the radius A G^ A F will be the effective 
force in the direction A C, and F C will 
be the loss by friction. Again, if B impel 
A, the angle of repose must lie on the 
other side of A C, and C H must be paral- 
lel to A 6, and H I to A E, and the friC'- 
^ion in this case will be I C, which is ob- 
viously less than F C. 

" Hence we may easily calculate the 
magnitude of the resistance F C, of I C, 
produced by friction, calling the force A C 

unity ; for C D becomes ^^, and F C = 

C D L£2F — *.CAI> J. CDF _ s. CAD 

*.CFD "^ i.ADC • *.CrD "" #.(CAE-fCAD)' * 
5. GAB J- ^ m t.CAH 

j^Qj^i and m the same manner I C = f^^ • 

g.CHI _ s.CAD s.GAE jy i .l^^^ 

JxiH "" MGAC+CAD) TeAC* "^^^" ^"^^^ 

quantities vary ultimately as the angle 
formed by theradii, and vanish when the 
point of contact is in the line of the cen- 
tres ; and in this case the common theory 
agrees with this calculation. When C A E 
is always a right angle, as in the epicy- 
cloidal tooth commonly recommended, the 
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friction F C varies, in the different positions 
of the teeth, as j-q^^ or as cot. G A C ; 
that is, if A K be made constant, as K L. 

49- " Since therefore it is demonstrable, 
that the friction is always greater in ap- 
proaching the line of the centres, than at an 
equal distance beyond it; it must obviously 
be desirable that the contact should be 
rather efter than before the passage of the 
teeth over that line, although it is better 
that it should be at a small distance before^ 
than at a much greater distance beyond it. 
Hence, the impelling teeth ought to be of 
such a form, as to accelerate the motion of 
the impelled a little before, and a little 
more after, the passage of the line of the 
centres, and then to retard it again, so that 
the next tooth may- succeed to a similar 
operation. 

50. " A wheel acting on a trundle, with 
cylmdrical staves, has in this respect an 
advantage over two wheels with teeth, 
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since the curve, fitted for impelling the , 
trundle, is adapted only to act on it be- 
yond the line of the centres. This curve 
may however be formed more easily, and 
at the same time more advantageously, 
thaa by the method which has hitherto 
been recommended : for if we employ an 
epicycloid described by the rolling of a 
circle, which would just touch the internal 
surface of all the staves of the trundle, on 
the circumference of the wheel, the trundle 
will at first be accelerated a very little, 
and will then be allowed to fall back from • 
each tooth to the succeeding one, soon 
after its passage over the line of the cen« 
tres. The same form will also answer very 
wll, when the trundle is to impel thb 
wheel, although this mode of action pro- 
duces a greater friction than the former. 

51. " A similar advantage may be ob- 
tained in teeth of any other form, by finish- 
ing them in such a manner as to project a 
very little beyond the regular outline, at 
the point which is intended to come into 
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contact a little beyond the line of the 
centres. Such a corrected outline may 
be described at once, if it be required. 
If the tooth is to be formed into an invo- 
lute of a circle, having fitted a thread or 
fine wire to the circumference of the wheel, 
find the point of contact at the instant 
when the end of the wire is describing 
the part of the tooth which is to act at, 
or a little before, the line of the centres; 
cut oflf from the wheel, beyond this point, 
an arc equal to the distance of the centres 
of two adjoining teeth, and fix a pin in the 
tangent at the same point, that is, in the 
continuation of the part of the wire which 
is unrolled, at such a distance as just to 
stretch the part which is left loose by the 
removal of the arc: the pin thus fixed, 
and the remainder of the circle, will serve 
as bases for continuing the evolution of the 
wire, and the description of the tooth. 
The same position of the wire will show 
the outline of a basis proper for describing 
by means of a circle rolled on it, the curve 
which must be substituted for the form of 
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any epicycloidal tooth, which might have 
been described by causing the same circle 
to roll on the simple circumference of the 
wheel as a basis ; the curved part of the 
tooth beginning, in this case, at the point 
of contact first mentioned. 

" If it be objected, that in such arr ar^ 
rangement, the equability of the mption 
would be lost, and a shake would be 
created; it may be answered, that the 
inequality would be utterly impercep*- 
tiWe in practice. But I do not know, 
that the form, thus determined, would 
have any material adyarltage over teeth 
made as short as possible, or so cut away 
as not to act before the passage of. the 
line of centres, which may easily be done 
in all cases, nearly in the same way as 
you have shown with respect to epicy- 
cloidal teeth. 

" The advantage of dividing the pressure 
among several teeth ought not to be pur- 
chased at the expense of an increase of 
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frjctioby since the property of greater du- 
rability may be obtained, in an equal de-* 
gree, by simply making the wheels thicker^ 
without materially adding to the friction : 
and in fact, although the momentary pres- 
sure on each tooth may be lessened by di-* 
viding it,, yet its duration is increased in 
the same proportion. 

52. " I must beg leave to observe, that 
the form proper for the teeth of a pinion, 
acting on a rack, is the involute of a cir- 
cle, and not a cycloid. The cycloid would 
be a proper form for the teeth of the 
rack, if they were intended to impel the 
pinion. 

53. *' It has been remarked that the 
form of the involute of a circle is not im- 
mediately deducible from the general prin- 
ciple of La Hire ; and the remark is strictly 
true, since the curves, formed, according 
to that principle, from two contiguous cir- 
cles as bases, could not act on each other 
without a further separation of the centres. 
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which would render the demonstration in-» 
adequate. But I have observed iti the 
Additions to my second volume, p. x. that 
the principle may be extended to any 
other curves, as well as circles and straight 
lines : and if we employ an equiangular 
spiral, instead of a straight line, we shall 
have the involutes, exactly as they are re* 
commended for practice/' 
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SUPPLEMENTARY DEFINITIONS. 



54. An angle is the inclination of two 
lines to one another which meeting do not 
lie in one line. 




55. A triangle is a figure contained by 
three straight lines. 




56. A circle is a plane figure contained 
by one line, which is called the circum- 
ference, and is such, that all straight lines 
drawn from a certain point within the fi- 
gure to the circumference, are equal to 
one another, and this point is called the 
centre of the circle. 
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57* The radius of a circle, is a straight 
line drawn from the centre to the circum- 
ference. The word radii is used, when 
more than one such line is spoken of. 




58. The diameter of a circle, is a straight 
line drawn through the centre, and termi- 
nated both ways by the circuniference. 




59. The arc of a circle is any part of its 
circumference. 
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60. A chord of an arc, is a straight line 
joining the two extremities of the arc. 




61. A tangent of a circle is a straight 
line, which passes through a point in the 
circumference without cutting it. 




62. A polygon is ?i figure, having more 
than four sides. The term is seldom ap- 
plied to figures that have less than five 
sides. 




K 
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63. Parallel straight Hoes are 8uch as are 
in the same plane, and which, being con-* 
tinned ever so far either way, never meet. 



64. The word perpendicular is the same 
with square, as used by workmen. 

In order to draw from a given point, A, 
in a given line B C, another line perpendi- 
cular to it. 

Take A E, equal to A F, and from the 
points F and E, with any radius greater 
than A B, make the intersection D ; draw 
D A, which will be perpendicular to B C. 

I 



» 



A 



JK 
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65. If it be required, from the end of a 
given straight line A B, to raise a perpen« 
dicular, 

Take the point C nearer to A than B ; 
about the centre C, with the radius C A, 
describe the circle, E A D ; through the 
points E and C, draw the line E D, and 
join A D, which will be perpendicular to 
A B ; and B A D, is called a right angle 



/ 
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66. To let fall from a given point A, a 
perpendicular upon a given straight line, 
B C. 

About the given pokit, describe a circle 
cutting B C in E and F ; from the points 
E and F, make the section n, and draw the 

K 2 
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line A D from A towards %and A D is the 
perpendicular required. 



1) 



fiS 



x^p 



\ 






67. A cylinder is a body having two flat 
surfaces, and que circular. For instance, 
a roller is a cylinder. 




!« > - » 



68. A cone is a solid body, of which 
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the base is a circle, and which ends in a 
point. 




69. Velocity is equivalent to speed. 

70. Mr. Smeatoja thus defines the term 
power: "The word power, as used in 
"practical mechanics, I apprehend to 
" signify the exertion of strength, gravita- 
" tion, impulse, or pressure, compounded 
" with motion, to be capable of producing 
" an effect ; and that no effect is properly 
"mechanical, but what requires such a 
" kind of power to produce it.''* 

71 • A proposition is a sentence in whith 
any thing is affirmed. 

. . . N • 

■ * 

* Smeaton's Miscellaneous Papers, p. 30. See Art. 

A72. ' . ;■•■ 
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72. A corollary is an inference or de- 
duction. 

[A. 72.] The extract from S meat on s 
works in Art. 70, conveys very little in- 
formation respecting power; and yet it is 
necessary that every mechanic should have 
correct ideas on this subject, which will be 
a sufficient reason for introducing a further 
explanation here. 

Power is the general term for that which 
causes motion or rest. For bodies in na- 
ture are in a state of rest, only, when the 
opposing powers acting upon them are in 
equilibrium. 

But this general term, power, is divided 
into several particular ones according to 
the circumstances under which it acts. 

[B. 72.] When power is, or can be, ba- 
lanced at rest, it seems to be most proper 
t6 call it force ; but^ to distinguish more 
precisely the circumstances of its action, it 
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is necessary to employ the simple terms, 
weighty pressure^ and stress^ and also the 
compound terms, force of attraction, force 
of gravity, cohesive force, centripetal force, 
centrifugal force, and others of a like na- 
ture. 

[C. 72.] But when a body is in motion, 
its power, at any instant, or at any point 
in its path, is usually termed momentum^ 
or moving force, or quantity of motion. It 
is this species of power which Sir Isaac 
Newton makes the object of his second de« 
finition. (Mathematical Principles of Natu« 
ral Philosophy, Book I.). Some writers 
propose to use the term energy instead of 
momentum, (See Edin. Rev. vol. xii. p. 
130*) but there does not appear to be 8uf« 
£cient reason for adopting it, the other 
having been in a considerable degree re* 
stricted to this species of power.* 



w 



* The term energy has also been applied Co the pro- 
duct of the mass of the body into the square of its 
wlocity. Seie J)r. Young's Nat. Phil. Vol. IL Art. 34/. 
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Here I must take the liberty of remark- 
ing, that neither the measure' of momentum 
nor that of any other kind of power, has any 
relation whatever to time ; for momentum 
simply expresses the quantity of power in 
a moving body at a particular instant^ 
without reference to the rate of accumu- 
lation, or to the effect it would produce ; 
and similar remarks apply to other species 
of power. 

[D. 72.] It is further necessary, both 
for practical and scientific purposes, to 
have a term to designate, that power whicb 
is equivalent to momentum, when the ve- 
locity is uniform. Smeaton employed the 
term mechanical power for this purpose; and 
since this term is sanctioned by the lan- 
guage of all writers on the first principles 
of mechanics; and the simple machines, 
* by means of which such power is modified 
to produce the desired effect, have always 
been called the mechanical powers. I think 
it will be found desirable to use the term 
mechanical power in preference to any 



ESSAY i.l OF WHEELS. 137 

Other that has been proposed. The term 
impetus is objectionable, because it indi-* 
cates a degree of violence in the action of 
power, which does not agree with what 
takes place in the most common applica- 
tions of mechanical power. And it is 
questionable, whether its proposer did not 
intend it to be a measure of eflfect. 

I must now attempt to inform the reader, 
more particularly, of the circumstances to 
which these different modifications of power 
apply, and in so doing, I shall have occa- 
sion to place a most interesting department 
of mechanical science in a different light 
from what it has been regarded by my 
predecessors. 

[E. 72.] Force is immediately compa- 
rable with the weight of a quiescent body. 
Its intensity, direction, and equilibrium, 
are the proper objects of that part of me- 
chanics called statics, or hydrostatics, and 
aerostatics, when the body exierting force 
isduid. 
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[F. 72.] Momentum, or the force of a 
moving body, is proportional to the quan- 
tity of matter in the body, multiplied by 
its velocity at that instant when the com- 
parison is made. Its rate of increase and 
decrease, its direction, and equilibrium, ar^ 
the proper objects of those parts of mecha- 
nics called dynamics and hydrodynamics* 
In fact, statics is only that particular case 
of dynamics when the velocity is nothing. 
In like manner we simplify an important 
part of the science of mechanics by sepa- 
rating all problems in which the velocity 
is uniform ; because in that case the length 
of the line the body moves over, is propor- 
tional to the velocity. 

[G. 72.] Mechanical power ihen is, a par- 
ticularmame for the momentum of a body 
in uniform motion, in that case, it is pro-* 
portional, to the quantity of matter in mo- 
tion, multiplied by the length of the line 
through which it acts ; consequently, in all 
problems where the motions are uniform^ 
(and there can be no difficulty in distin- 
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guishing such problems) this measure of 
power may be employed, and its motion, 
equilibriuni) and direction, determined ac- 
cordingly* Every person conversant with 
the management of such problems must be 
aware of the advantage of this mode of in- 
yestigation; it applies to the motion of 
water-wheels, of wind-mills, of rivers, the re- 
sistance of fluids. Sec. Sec. and in general to 
the motion of machines. It has often been 
partially applied in considering the equili- 
brium of mechanical powers^ (see Wood's 
Mechanics, prop, xxx, and xxxi.) but I 
am not aware of its having been previously 
pointed out as a general principle, with the 
object of forming a distinct branch of me- 
chanics. Some writers have confounded 
measure of power with measure of effect so 
far as to suppose, that mechanical «power 
IS identical with the quantity of ma,tter 
multiplied into the square of its velocity ; 
I hope the true nature of mechanical 
power is here so defined as to prevent a 
recurrence of a like mistake. 
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It is much to be regretted that power 
has not been made the basis of all me- 
chanical science, in the place of motion ; 
for motion is merely an affection or mode 
of matter acted upon by unbalanced force. 
For, in the practical application of me- 
chanics it would prevent error; and in 
the theory of mechanics that interesting 
phenomenon, the accumulation of powevj 
must have been forced upon the attention 
of philosophers. (Ed). 



ADVERTISEMENT TO THE APPENDIX. 



Having long had it in contemplation, to 
make a collection of facts respecting wheels ac- 
tually in use in millwork, and by arranging 
them, to endeavour to draw some useful prac- 
tical inferences, I take the present opportunity 
of offering to the public the hints on that sub- 
ject, which may be found in the following 
Appendix. 

I could have wished, that time and other 
circumstances had allowed me to have entered 
more minutely into the subject. Yet hoping, 
that these hints, even in their present state, 
may lead to a fuller investigation, I trust, 
they will not be altogether without some ad- 
vantage. As, I believe, nothing exactly of the 
same kind, has hitherto been published, it is 
hoped, that these observations will be received 
by the public with indulgence, and due allow- 
ance ror their unavoidable imperfections. 
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With respect to the elementary proposi* 
tions Avhich we have to guide us in this inquiry 
into the proportional strength of the teeth of 
wheels, I shall not enter into their demon- 
strations. To the artisan, unacquainted with 
mathematics, they would be unintelligible ; and 
the mathematician can either demonstrate them 
himself, or have recourse to those elementary 
writings where the demonstrations may be 
found : of these last, as being more generally 
accessible, I have referred to " Emerson's Me- 
chanics," quarto edition. 

Glasgow, 
April 5, 1808. 



APPENDIX. 



A PRACTICAL INQUIRY RESPECTING THE STRENGTH 
AND DURABILITY OF THE TEETH OF WHEELS 
USED IN MILLWORK. 

ft 

73. Having treated of the forms of the 
teeth of wheels, I come now to consider 
their proportional strength with relation 
to ^he resistance they have to overcome. 

I am aware, that owing to a great va- 
riety of circumstances, this subject is in- 
volved in much difficulty, and that it is 
no easy task to form any general rule with 
regard to the pitches and breadths of the 
teeth of wheels. I do not pretend to more 
than a mere approximation towards gene- 
ral rules ; yet, were this judiciously done, 
I am of opinion, that it might be useful. to 
the millwright, who has not had leisure or 
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opportunity for scientific inquiries. A rule, 
though not absolutely perfect, is better in 
all cases, than to have no guide whatever. 

And it is too evident to require proof, 
that it is essential to the beauty and utility 
of any machine, that the strength and 
bulk of its several parts, be duly propor- 
tioned to the stress or wetir to which the 
parts may be subject. 

Some general observatiqns on the wheel 
work of mills, will serve greatly to simplify 
our inquiries on the subject. 

General Observations on the Wheel Work 

of Mills. 

74. ]\fistaken attempts at economy have 
often prompted the use of wheels of too 
small diameter. This is an evil which 
ought' carefully to be avoided. Knowing, 
the pressure on the teeth, we cannot with 
propriety reduce the diameter of a wheel 
below a certain measure. 
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Sappose, for instance, a water wheel of 

80 horses^ power, moving at the pitch line 

with a velocity of 3^ ft. per second. It is 

known, that a pinion of 4 feet diameter, 

might work into it, without impropriety ; 

bot we also know, that it would be ex« 

ceedingly improper to substitute a pinion 

of only one foot diameter, although the 

pressure and velocity at the pitch lines in 

both cases would be, in a certain sense, 

the same. In the case of the small pinion, 

however, a much greater stress would bo 

thrown on the journey Sj (or joumak) of the 

shaft. Not, indeed, on account of torsion 

or twist, but on account of transverse 

strain, arising, as well from greater direct 

pressure, as from the tendency which the 

oblique action of the teeth, particularly 

when somewhat worn, would have to pro* 

duce great friction, and to force the pinion 

from the wheel, and make it bear harder 

on the journals. The small pinion is also 

evidently liable to wear much faster, on 

account of the more frequent recurrence 

of the friction of each particular tooth. 
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That these observations are not without 
foundation, is known to millwrigtits of ex- 
perience. They have found a great saving 
of power, by altering corn mills, for exam- 
ple, from the old plan of using only one 
wheel and pinion, (or trundle^) to the me- 
thod of bringing up the motion, by means 
of more wheels and pinions, and of larger 
diameters and finer pitches. 

The increase of power has often by these 
means been nearly doubled, while the tear 
and wear has been much lessened ; although 
it is evideivt, the machinery, thus altered, 
was more complex. 

» 

The due consideration of the proper 
communication of the original power, is of 
great importance for the construction of 
mills on the best principles.* It may 
easily be seen, that in many cases, a very 
great portion of the original power is ex- 



See Essay ILi Chap. L Sect, ik 
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pended, before any force is actually applied 
^o the wotk intended to be performed* 

.. - - f ... . , 

' Notwithstanding the modern improve- 
ments in this department, there is still 
mnch to be done. In the usual taod^s of 
constructing mills, due attention is seldom 
given to scientific principles. It is certain, 
however, that were these principles better 
attended to, much power, that is unneces- 
sarily expended/ would be saved. In ge« 
heral, this might be in a great measure 
obtained, by bringing on the desired mo- 
tions in a gradual manner, beginning with 
the first very slow, and gradually bringing 
up the desired motions, by wheels and pi- 
nions of larger diameters. This is a sub- 
ject which should be well considered be- 
fore we can determine, in any particular 
case/ what ought to be the pitch of tlie 
wheels. In the case above alluded td, 
where the supposition is a pinion of 4 feet 
diameter, or of 1 foot diameter; it is ob- 
vious, that the same pitch for both would 
not be prudent. That for the small pinion, 

l2 
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ought to be much less than that which 
might be allowed in the case of the larger 
pinion. It is ako equally obvious, that the 
breadth of the teeth, in the case of the 
$ttiall pinion, ought to be much '■ greater 
than that in the case of the larger pinion. 

75. It is evident, however, that although 
great advantage may often be derived 
from a fine pitch, that there is a limit in 
this ri^spect, as also with regard to the 
breadth.* We shall endeavour to find 
some tracd of this limit in what follows j 
and that we may the better do this, we 
shall call in the aid of propositions, which 
ate true with respect to pieces of timber^ 
of metal, subjected to ordinary cases of 
pressure. It is allowed, that they cannot 
here, in strictness, be demonstratedy as ap<^ 
plicable to wheel work. Yet they will^ for 
want of better light, serve at least to pre*- 
vent any material practical error with re^ 
gard to the strength of the teeth of wheels^ 

1 ... 

V 

* See Additions to Rules for Strength of Teelh. 
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For' it 18 to be remembered, that we are 
not so much here in search of truths of 
curious or profound mathematical specu- 
lation, as of that kind of evidence, of 
which the subject admits^ and which may 
be sufficiently satisfactory for any practical 
purpose 

I would have it» however, understood, 
that we suppose the diameters made suffi* 
ciently great to prevent the evils which we 
have already noticed, and in the annexed 
table, (Art. 86,) are some^xanaples* in ac- 
tual use, which have been found in pr^tice 
sufficiently durable. I would particulairly 
recommend attention to those of Me3srSf 
Boulton and Watt, whose most extensive 
practice, as well as scientific knowledge, 
renders their work a model well worthy 
the attention of millwrights. 

As cast-iron pinions are now generally 
used, and as the teeth of the pinion are 
most subject to wear, I think we are- safe 
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in the present inquiry, in considering them 
all as cast iron. 



. The kws to which I have alluded in this 
investigation are these : 



Principles of proportioning the Strength of 

Teeth of Wheels. 

PROPOSITION I. 

- 76* " The Strength of ant/ Piece ofTim^ 
her ^ or Metal j whose Section is a Rectangle^ 
is in direct Proportion to the Breadth^ and 
as the Square of the Depth.'' * 

, Hence may be inferred, that the strength 
of teeth of wheels, moving at the same ve? 
locity, and under the same circumstances, 
is directly in proportion to their breadth, 
and as the square of their thickness. 

^ 

* See EinersoD, Prop. 67. 
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Tbus, for example, if . we double the 
breadth, we only double the strength; 
but if we double the thickness, in other 
words, double the pitch, keeping the ori- 
ginal breadth, we increase the strength 
four times. 

For although when wheels are working 
accurately, the strain is at the^ same time 
divided over several teeth, yet as a very 
small inaccuracy, or even the interposition 
of any small body, such as a chip of wood 
or stone, throws the whole stress upon a 
single tooth in practice; therefore, and 
in order to simplify this case, we may con- 
sider the strength of a single tooth, as re- 
sisting the pressure of the whole work. 

But as the length of teeth commonly 
varies with the pitch, this circumstance 
must be taken into account, and the most 
simple view we can take of it seems to be, 
that of having the strain of each tooth, 
thrown all to the outward extremity ; we 
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have then the following proposition ttf 
guide this part of our inquiry. 



PROPOSITION II. 



77- Jf dfiy Force he applied laterally to 
a Levet or Beam^ the Stress upon any Place^ 
is directly a^ the Force and its Distance from 
that Placed 



PROPOSITION III. 

78. The Fitch being the samcj the Stress ii 
inversely as the Velocity :\ 

For example — if the pilch lines of one 
pair of wheels be moving at the rate of 6 
feet in a second, and another pair of wheelsj 
in every other respect under the same cir* 

* See E^erson^ Prop. 69. "^ 

t Sec Em^rsan; Prop. 119, Rule 8. 
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Gumstances, be moving at the rate of 3 feet 
in a second, the stress on the latter is dou-* 
ble of that on the former.* 



* This proposition is true only in the wheels of the 
same machine. To render it universal^ the first movers 
of all machines must be reduced to the same standard ; 
which may be done as follows^ where the horse power 
is supposed to be the standard. 

If P be the power of the first mover^ in any machine, 

and Y its velocity; also, let v be the velocity of any 

part on which it is necessary to determine the stress. 

PV 
Then, as v : V : : P : stress= — ^ (Wood's Mechanics, 

Prop. XXXI.) 

Now taking" the same value of the horse power as 
Mr. Buchanan has used throughout these Essays ; that 
is, 2001bs, moved at the rate of 3i feet per second, and 
tising H to represent the number of horses, we have 
PV 500 Hx 3^ rss^H 



By using — =the stress, we get rid of the frac- 
tions, and have a sufficiently accurate measure of the 
force. Hence, if the power of a machine be equal to 
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We shall conSne our attentioiy for the 
present to wheels having cast-iron teeth f 
and, in order to take experience as our 
guide, several examples in the annexed ta- 
bles, actually in use, are selected. 

The pitch, velocity, and strain, are all 
stated ; the strain is measured by the horses' 
power 9 at which the resistance is valued. 



any number H of horses^ the stress at any pitch line of 
which the velocity is v feet per second will be= • 



In a like manner, the stress at the surface of any 
journal or shaft may be found. 

But, in those cases where the same first mover gives 
motion to different trains of machinery, the stress, a$ 
any part of any one of them, should be measured by 
the greatest number of horses* power necessary to per- 
form the work assigned to that train. That is« if H be 
the number of horses that could perform the work^ 

then — — ssthe stress at any point in the train movinj^ 
with the velocity v. (Ed.) 
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Horse^s power is a term now in general 
use, to express the force required, in order, 
to drive any kind of mill, and it may be 
proper here to give some further account 
of it. 



Horse* $ Power. 

79* Although horses are not all of one 
strength, yet there is a certain force now 
generally agreed upon among those who 
construct steam engines, which force is 
denominated a horse's power^ and hence, 
steam engines are distinguished, in size, 
hy the number of horses' power to which 
they are said to be equal. 

The measure of a mechanical effect 
equal to a horse's power, has been much 
disputed : this I believe to be a matter of 
Uttle consequence, if the measure be gene- 
rally understood, since there is no such 
thing as bringing this into any real mea- 
sure. Some horses will work double of 
others, and horses of one country will work 
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tnore than those of another. Desaguliers's 
measure is, that a horse will walk at the 
ra^te of 2^ miles per hour, against a r^ist- 
ance of SOOlbs,* and which gives^ as st 
number for comparisons, 44000; that is, 
the raising of lib. 44000 feet in a minute ; 
or, what amounts to the same, the raising 
of 44000lbs. 1 foot in a minute. 

Emerson^s measure is the same as Desa- 
gtt1iers% (see Emerson^s Mechanics, p« 
178,) and Mr. Smeaton's result is 229l61b6. 
under the same circumstances.f 

Mr. Watt has found, from repeated ex- 
periments, that dSOOOlbs. 1 foot per mU 

* When working 8 hours a day, (Pesaguliers's Course 
of Experimental Philosophy, Vol. I. p. 241.) 24^ miles 
per hour is equal to 220 feet per minute, or 3i feet per 
second. (Ed.) 

t Reports, Vol. I. p. 229. But Desaguliers gives the 
immediate power of a horse, Smeaton the e£fecf of 
that power applied to raise water : hence the friction 
of the machinery should be added to Smeaton's horse^s 
power. (Ed.) 
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Bute, was the average value of a horise's 
power; but, I believe that his engines 
were calculated to work equal to 44(XX)lbs. 
1 foot per minute. 

But, that he allows only 33000 in his 
calculations, applied to mills, considering 
the difference as being lost in the friction 
bf the engine itself. 

' 80. It is common in practice, to reckon, 
that it requires one horse's power to drive 
100 spindles with preparation of cotton 
water twist. 

• • • • - 

81. 1000 spindles with preparation cot- 
ton mule yarn. 

82. 75 spindles with preparation flax 
yarn. 

I beg leave here to make the following 
extract, on the subject of animal force, 
from Dr. Young's Natural Philosophy, 
Vol. II. p. 165. 
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83. ^^ In order to compare the different 
estimates of the force of moving powers; 
it will be convenient to take a unit which 
may be considered as the mean effect of 
the labour of an active man, working t6 
the greatest possible advantage, and with- 
out impediment; this will be found, upon 
a moderate estimation, sufficient tb' raise 
10 pounds 10 feet in a second, for l6 
hours in a day ; or to raise 100 pounds, 
which is the weight of 12 wine gallons of 
water, 1 foot in a second, or 36000 feet in 
a day, or 3,600,000 pounds, or 432000 
gallons, 1 foot in a day ; this we may Call 
a force of 1, continued 36000\ 
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84. Immediate force of men and horses, 
without deduction for friction. 



1 

''A man of ordinary strength can 
turn a winch^ with a force of SO 
pounds^ and with a velocity of S-^ 
feet in V for 10 hours aday/'-rDe-. 
saeruliers . . . . • 


Force. 


Conti- 
naance. 


Day's 
Work. 


1.05 
1.22 

3. 

7.33 
8.8 


1(A. 

• 

1" 

8h. 
6h. 


1.05 
1.22 

5.87 

» 

5.28 


■••To •*»»^'" •* •«••••••••»#•••••••••• 

'' Two men working at a wind* 
lasSj with handles at right angles^ 
can raise 70 pounds more easily 
thant^neean raise 30/' — Desaguliers 

** For a short time^ a man may 
exert a force of 80 pounds^ with a 
fly^when the motion is pretty quick." 
—Desaguliers 

" A horse can draw^ with a force 
of SbO pouads, ^ miles an hour for 
8 hours in the day , .- 

" With a force of 940, only 6 
hours."— Desasniliers. . « 
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possible. But P == %» therefore p {d - g) 



= a maximum. 



Now it may be shown by the principles 
of maxima, &c. that this quantity is a max- 
imum when d = ^ D. 

Therefore, a man or a horse acts with 
the greatest advantage on a machine when 
he moves with half the velocity he coul^ 
continue at, were the effective resistance 
of the machine nothing. 

That portion of the mechanical power 
which is efficient in impelling the machine 

wiUbe^PD. For since d = ^D,P = 2^= 

iPf or 2P=|?; hence d (p-P) =tD 
(2P-P)=iPD. 

The force P, and the distance moved 
through D, will each vary in the same maja 
or horse according to the manner of apply-p 
ing. the force; but their product will be 
nearly a constant quantity. In any case, one 
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of these quantities may be determined from 
experience, and in many instances both of 
them, and that one may always be supplied 
by calculation which cannot be found by 
experience. 

When the effective force is nbthing, it 
must not be understood that a' man or a 
horse is acting against a force equal to his 
own weight, in any case whatever; for as 
has been observed by Dr. Young, (VoL I. 
p. 132, and 212,) in walking, the resistance 
overcome is not exactly comparable with 
mere weight, and the same may be rie- 
marked on other modes of exerting fbrce. 

When a man ascends vertically, his ve- 
locity is reduced to about one half of his 
horizontal velocity, indicating that he acts 
against a double resistance; therefore 
when a man ascending ^ ladder, carries a 
load, the maximum effect wi]] take place 
when his ascending velocitjr is about one 
fourth of the velocity he can walk hori- 
zontally without a load. 

M 2 
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A man of ordinary strength will not be 
able to walk, unloaded, at a quicker rate 
than 3^ miles an hour, if this exertion is to 
be continued for 10 hours every day. In- 
deed, those who examine the subject with 
a view to a fair average, will find this to 
be about the extreme velocity that can be 
continued, without injury, for any con* 
siderable time* 

According, therefore, to our invftsU- 
gation, a man ought to move with half 
this velocity to produce a maximum effect ; 
that is, at the rate of li miles an hour, 
which is about 2t feet per second. 

But this supposes the whole load to 
be the useful effect, whereas part of it 
must consist of the apparatus employed to 
carry it, or the friction of an intermediate 
machine, or other circumstances of a like 
nature. About one fifth of the velocity 
may be considered equivalent, at an aver- 
age, to the force lost in friction, &c. in all 
cases, in many it will exceed one fifth. 
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H6QQ9 the maximum of useful effect will 
take place when the velocity is 2 feet per 
second, or about 11 ftirlou^ an hour, 
continued for 10 hours each day. 

Smeaton is said to have made numerous 
comparisons, from which he concluded 
that the mechanical power of 9 man is 
equivalent to 37^0 lbs, moving at the ve- 
locity of one foot per minute ;* and tak« 
ipg* this average to be neat the true one, 
as I have reason to conclude it is, we have 

^^^=31-25 lbs. Therefore, we make the 



2X60 

average mechanical power of a man 31*25 
lbs. moving at the velocity of 2 feet per 
second, when the useful effect is the greatest 
possible; or half a cubic foot of water 
raised two feet per second; a very con- 
venient expression for hydrodyna^mical in* 
quiries. 

If a man ascend a vertical ladder, ac- 
cording to a preceding remark, (p. l63.) the 

* Art. Water, Rees's Cyclop«(Iia. 
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velocity which corresponds to the maxi- 
mum of useful effect will be 1 foot per 
second, and the load double that which 
he carries horizontally ; consequently the 
average of useful effect is 62*5 lbs. raised 
one foot per second. 

Bricklayers' labourers in London ascend 
ladders with a load of about 80 lbs. be- 
sides the hod ; sometimes at the rate of one 
foot per second, but more frequently abbut 
9 inches per second. 

. ■ • > 

Ascending stairs is more fatiguing to 
the muscles of the legs than ascending a 
ladder; and therefore the useful effect is 
less, till a person has become accustomed 
to this kind of labour. And it is also Jto be 
observed that the space moved over is 
increased, unnecessarily, except where the 
horizontal distance is part of the path 
over which the load is to be moved. 

Wc ought not 'to be surprised at the 
opposite conclusions here obtained, from 
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those of Other theoretical inquirers, when 
the data they have proceeded from are 
considered. For their data have been the 
extremes of force and velocity, without 
any knowledge of the true laws which 
connect them. 

3. The force of a horse, is at an average, 
about equal to that of six men„ according 
to various estimates; and the rate of tra- 
Telling about the same, perhaps rather 
less than that of a man, when his exertion 
is continued for 8 hours ; consequently the 
velocity corresponding to the maximum 
eflfect, will be about 24- feet per second. 
Whence, the average mechanical power 
of a hor^e may be estimated at 187^^ lbs. 
moving with a velocity of Si- feet per 
second, or 3 cubic feet of water raised Si* 
feet per second. The day*s work being 
8 hours. 

This estimate of the power of a horse is 
equal to 28,125 lbs. raised one foot per 
minute; nearly a mean between Watt's 
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and Smeaton^s. But since our author has 
employed tliat of Desaguliers^ it was not 
very easy to make a change in this work ; 
and still more objectionable to employ 
two measures of different values. 

French writers use as a dynamical unit 
a given measure of water raised through a 
given space; and the Americans use a 
similar measure. In my opioion^' it is 
preferable to make a horse^s power tb« 
dynamical unit ; because, a practical man 
has a more correct idea of the quantity 
of mechanical power expressed by this 
unity than he can have of any one less 
frequently under his observation ; besides^ 
it is a power often employed to move, 
machines ; and therefore, is a fsimiliar mea* 
sure of comparison. (£d } 
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KindofMacblBE. 


i 
1 
\ 

1 


1 
.S 

3 
1 


1 

1 
1 


Wheel. 


Pinion. 




1 
f 


1 


1 


-2 

s 

1 


( 


■3 


2 

i 
a 
J 


a 


Water-wheel,! A 


10 


H 


H 


















5,5 


WatM-»l.eeJ,.B 


SO 


3 


lOi 


304 


3| 


94 


3 


318.47 




3.41 


3.95 


4.489 


Water-wheel, C 


15 


3 


6 


904 


■li 


I6..3 


44 


20 


3..6 


4. 


3.8 


5.06 


Water-wheel," D 


54 


3 


4 


207 




1G..H 


SO 




J..114 


7.57 


3. 


7.97 


HoHe-miU,...E 


1 


H 


4 


91 


3 


e..0i.'2! 


IS,9 


l..Bi 


40.0 


949 


12.65 


Horse-iiim,s..F 


1 


24 


4i 


91 


3 


6..aj.so 


iS..]3 


1.4 


4S.0 


349 


U,23 


Stum Engine,! 
byB.(tW. G/ 


94 


Si 


8 


se 


19 


8..0 


IS 


41,39 


3.6 


8.S 


7-96 


B.63E 


Steam Engine, \ 
byB.&W. H/ 


16 


3 


8 


152 


174 




54 


ao 




1.7 


11. 


«5 


Steam Engine,! 
byB.&W. ij- 


39 


3 


6 


11« 


I* 


fl_10 








I.B7 


8.78 


5,47 


Stean Engine, \ 
byB.&ft.Kl 


U 


3 


h 


G4 


S5 


5.. I 


89 


55 


3.^4 


3.S7 


6.65 


T,9I 


Steam Engine, t 


SO 


?i 


H 


9( 


Ig 


5..1t 


38 


41.03 


8.-7 


S.5 


5,57 


4.64 


Ditto, ditto,* M 


10 


n 


5i 


77 


25 


4..7i 


40 


18.5 


2. .44 


5.75 


6.3 


11,88 


Ditto, dato.s N 


6 


24 


H 


GO 


3B 


3..7 


27 


C9.S 


"■■7* 


8.75 


6.!f 


15.31 


Ktto, dittD,o 


4 


Si 


n 


40 


32 


2.. 10^^25 


fil.il 


l.,6 


11.87 


i.a 


18.99 


Ditto, ditto, ...P 


3 


a 


*i 


6S 




3..C 






2.. 


3.7S 


8,8 


11. 


Ditto, ditto.T Q 


10 


1^ 


fi 


77 




3..10 




48.5 


l..Ili 


6. 


5. 


10. 


Ditto, ditto, ..H 


13 


U 


3 


6r 


44 


9,-8 


48 


60.5 


\..a 


S.5 


5,9S 


4.95 


» Hai been IS yean tl wort. Thi> geerini *a> foDiid ralJier loo narrow for Ihe «rtlD, » 
UliwMrlnt inoch^.ItrlhidlhiTMIoflhE wTiMl.iii'Uiemine mill. 

> The only flefmi in Ihii Ec^rHi;, whkh bu li»n I« yeneit worU.ls Hie wnMet bwiidUi 
In lk< ipiir.Wlieel and pLnfon: llity Doehl In bnve been s inchci or more, as Ijiey wllJ nol lul 

* Thll ll 1 befWr pitch for Ibe power thin Q. 

f Thu whttl hi> wooden Itclb, and faajt beta voiliiiiE Tor thiee ye<ri psil. 
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Observations on the Table of Wheels in actual 

Use in Millwork. 

87- Having reduced the examples in the 
table, in the manner already described, to 
one denomination, the results approach 
nearer, considering all circumstances, than 
could have b^o expected. 

1st, In two of the cases, viz. B and D, 
it appears, that the wheels were rather too 
narrow for their work. These, ho wever* 
have been working about sixteen years, 
and may yet continue for a long time. — B 
is 4.489 inches in breadth, when reduced 
to 10 horses' power, at 3 feet per second. — 
D is 7.27 inches in breadth. The pitch of 
both is three inches* 

Three inches being a pitch in very general 
use for the first motion of mills, could the 
proper breadth for this pitch be ascertain- 
ed, it would serve as a very useful standard. 
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Rules to be of practical use^ must be 
easy of remembrance, as well as easy of 
application. 

Jjet us, therefore, assume a simple stand- 
ard, and try how far it will bear the test of 
experience; for, as Du Buat justly ob- 
serves^ ^^ It is an excellent method, in the 
research of obscure difSicult truths, to sup- 
pose a theory pre^xistent, founded upon 
the most probable principles, from which 
may be determined, the choice of some di- 
rect experiments, proper to evince the fal- 
key or accuracy of the principles pro- 
posed/^ 

The actual cases in the table, may be 
considered as satisfactory experiments. 
Let us, therefore, try the following simple 
rule, and compare some of its results with 
those cases. 

88. Rule I. for pitch of three inches, 
when the velocity is three feet p^r second, 
at the pitch line. 
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Make the teeth as many inches broad as 
the number of horses* power which it has to 
resist. 

For example, for nine horses' power, 
make the teeth nine inches broad. 

89. Taking this example then as a point 
from which to $et off, and supposing the 
same breadth of nine inches constant, we 
shall, in the first following table, state va- 
rious pitches, and (by Proposition I.) shall 
first square these pitches, to find the num- 
ber of horses' power, equal to the strength 
and durability 'of the pitch, when the teeth; 
are all of one length. The strength thus 
founds will be inserted in column Y. 

But, as the lengths generally vary as the 
pitches, taking the same point, (three in- 
ches pitch, nine inches broad) from which 
to set off, we shall diminish the value of 
the strength, as we ascend, and increase 
as we descend, agreeably to Proposition 11. 
The results will be found in column Z. 
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But as in this investigation durability is 
of equal importance with strength, perhaps 
the true proportion may be somewhere be- 
tween the results in the columns Y and Z. 



Description of the six following I'ables of 

Pitches. 

In all the following tables^ the column 
W contains the pitch in inches. 

Column X contains the breadth of the 

teeth also in inches. 

» ■ « 

Column Y is formed upon the supposi- 
tion, that the teeth of all the pitches were 
of the same length, and contains the 
strength and durability of the teeth valued 
in horses' power. 

Column Z contains the strength and du- 
rability of the teeth, also valued in horses' 
power, upon the supposition, that the 
lengths of the teeth are in the same pro- 
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portion to one another^ as tlie pitches ; and 
that the strength (by Prop* 11.) is inversely 
as the length. Having taken a three inch 
pitch as our standard^ the tMro last columns, 
Y and Z, exactly coincide for that pitch ; 
the column Z, decreasing upwards from 
that point, and increasing downwards in 
an inverse ratio of the lengths. 

, It is evident, that the tables upon these 
principles already laid down, might be 
greatly extended. But it is hoped, that 
these will be sufficient for our* present 
purpose. 
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I. Table of Pitches. 



\. 



90. The velocity of the pitch linCi beiqg 
three feet per second, and the breadth of 
the teeth nine inches. 



w 


y 


z 


Pitch in 

inches. 

■ 


Value of 

gtrength in 

tiones' 


Valne of 
ttrengtii in 

borsas' 
poffar* 


4 


16. 


12. 


3* 


12.25 


10.5 


3 


9. 


9, 

• 
1 


%i 


6.95 


7.5 


2 


4. 


6. 


U 


2.25 


4.5 


1 


1 


3. 



Supposing again, that the pitches were 
the same as in the first table, and that the 
breadths were made, in each particular 
case, just double the pitch, then the horses' 
power would vary as in the following ta- 

N 
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ble, which is calculated by taking the 
above table^ and by direct proportion, 
finding the horses equal to each particular 
breadth) when the breadth is just double 
the pitch. 



II. Table of Pitches. 

91. The velocity being three feet per 
second) and the breadth of the teeth dou- 
ble each pitch. 



w 


X 


Y 


z 


Pitch in 
incbcs. 


Twice the 
pitch in 
breadth. 


Vatae of 
strength in 
horses' 
power. 


Valoe of 
strengtb in 
bones* 
power* 


4 


8 


14.22 


10.66 


3^ 


7 


9.53 


8.17 


S 


6 


6. 


6. 


2^ 


5 


3.47 


4.16 


2 


4 


1.77 


2.65 


m 


3 


.75 


1.5 

1 


1 


5 


A. 


.66 
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. The strength being directly as the 
brtodthy (by Prop. I.) it is easy from this 
to find, by the Rule of Three direct^ the 
horses' power equal to any given breadth 
of these pitches. 

The stress being inversely as the velo- 
city, (by Prop. II.) the horses* power equal 
to any oi these pitches, and breadths, may 
be easily found for any other velocity. 

But, perhaps, it will be of advantage to 
take a different view of the subject, by fix- 
ing upon a case in the table of wheels in 
actual use, and proportioning breadths and 
pitches from it for various velocities, re- 
sistances, &c. 

For this purpose we shall select the case 
H, erected by Messrs. Boulton and Watt, 
being a pitch pf three inches, ,the teeth 8 
inches broad, moving with a velocity of 11 
feet per second, and having a resistance 
valued at the power of 46 horses. 

N 2 
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Then by following a siniilar procednret 
vfith the two foregoing tables, we haVe the 
tables III. and IV. proportionate to tbe 
case H at a velocity of 11 feet per second. 



III. Table of Pitches 

92. Proportionate to H in the Table of 
Wheels. The breadth of teeth (8 inches) 
and velocity (eleven feet per second) being 
constant. 

^ ' W Y Z. 



Pitebia 
inches. 


Honcr 
power. 

« 


. Valae of 
Itrengtb in 
horses' 
. ^wer. 


4 


81.77 


61.33 


3i 


62.61 


53.66 


8 


46. 


46 


«* 


SIM 


S8.33 




«0.44 


30.66 

• 


I4. 


1 1 .5 


23. 


1 


5.11 


15.33 


• ' - 


■ 
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IV. Table of Pitchesy 

93. Proportionate to H, the breadth 
being in this cate double the pitch. The 
yelodtj being constant (eleven feet pec 
second), but the breadths double. 



w 


X 


Y 

* 


z 


Pitch 

in 
inches. 

4 


Breadths 

dooble 

the i^itcb 

in 
Inches. 


»* — ■ 

nonet 
povef. 


Value of 

strength in 

horses' 

power. 


8 


81.77 


61.33 


3^ 


7 


54.78 


46.95 


3 


' 6 


34.5 


34.5 


2i 


6 


19.95 


23.94 


2 


4 


10.22 


15.33 


U 


3 


4:31 


8.62 


1 


^ 


1.28 


3.84 



But it may be satisfactory, in order to 
compare with the tables, first and second, to 

reduce the velocity to three feet per second. 

» 

The two following tables, therefore, are 
calculated accordingly at that velocity. 
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V. Table of Pitches, 



^. Proportldnaie to H* at a velocity of 
thi^e feet per spcond ; the breadth being 
constantly eight inches* ' 

W Y Z 



r 



Pitch 

in 
inclief. 



3^ 
3 

3 



1 



L_ 



Honei* 
power. 



^2.30 
17.07 



12.54 



8.71 
6.57 



3.13 



L39 



Value of 

stretigtb in 

horses' 

ppwer* 



16.79 



14.63 



19.54 

10.45 

8.36 

4.17 
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VI. Table of Pitches^ 

95. Proportionate to H, at a velocity of 
three feet ; the breadths being double each 
pitch. 



w 


X 


Y 


z 


Pitch IB 
incbet. 


Breadth 

of teeth 

IB inches. 


Hones' 
power. 


Value ot 
strength in 
horses' 
power* 


4 
3* 

a 

2 

U 
1 


8 

7 
6 
6 
4 

3 

2 


22.30 
■ 14.93 
9.4 
5.44 
2.78 
1.17 
0.34 


16J2 

12.79 

9.4 

€.53 

4.17 
2.34 
1.02 



From a comparison of the i^co:Qd table 
with the sixth, it appears^ that the rule we 
have annexed, is at least safe in : point of 
strength; fox by that . ruk^ a tArec mcA 
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pitchy six inches broad^ is equal to a strain 
of six horses. Whereas, in the sixth table, 
the same pitch and velocity, at six inches 
breadth, has strength valued at nine and 
nearly a half horses' power. 

But when we consider how much more 
liable, from sand, &c. teeth attached to 
water wheels are to wear, than those which 
are properly greased and free from sand, 
the results correspond as nearly as could 
be expected. 

96. Rule 11. So that taking H as a 
standard, we may conclude, that, for a 
pitch of tivree inqhesy with a velocity of 
three feet per second, every inch of 
breadth may be valued at one and a half 
horses' power. 

The first rule (Art. 88.) I think therefore 
may sali^y be followed for teeth attached 
to water wlieiels, and the aJbove conclusion 
for wheels in adl situations where they are 
properly greased and foee from tsand. 
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The conclusions here drawn, ^iU, I 
diink, give teeth sufficiently durable and 
strong for the work which they may have 
to perform. This €rst conclusion ^ves^ 
perhaps, too great a result: how much 
may with prudence be deducted from the 
results of either, those of experience will 
determine. But to the young millwright, 
I would advise, of the two extremes^ ra<» 
ther to err in making his work too strong. 
Durability ought not for a moment to be 
out of sight in the arrangements of wheel 
work; there are many parts of machines 
subjected to great stress, but not liable to 
wear ; wheteas the teeth of wheels, the mo-* 
ment they begin to act, begin to change 
fi^m their original form, and to become 
progressively less strong. 

97* In miilwork, at present, the breadth 
of the teeth, as commonly executed by 
the best masters, seems to be from about 
twice to thrice the pitch. 

It is, perhaps, not easy to determine 
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what proportion is on the whole the most 
advantageous for the breadth of teeth. A 
fine pitch on the one hand , gives a smooth 
motion, and the teeth will rub less on each 
other; but an increase of breadth in^ 
creases in some degree the friction,* The 
durabiUty, as well as the strength of teeth ^ 
is perhaps nearly in direct proportion to 
their breadths 

• • . . . , . • 
98. After sending the foregoing ^^,In^ 
quiry respecting the Strength of the Teeih 
of Wheels'' to the press, Mr. Johu Bo- 
berton, engineer, perused a manuscript 
copy of it, and was so obliging as to com«» 
municate to . me the substance of what 
follows. His rule, it will be readily per- 
ceived, is founded on the prihciples laid 
down in the " Inquiry ;'' but it is more 
simple, and perhaps more accurate than 
the mode of approximation which oc- 
curred to me. It is however satisfactory 
to find, that the table formed on his rule,^ 

♦ See Ai-t. 48 and 49. 1 
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(which from his- experience he is of bpU 
iiidn cannot be far from the truth,) very 
nearly coincides in its results with tables 
fifth and sixth. It may be observed, that 
he founds his calculations iipon the thicks 
ness of the teethj which in all cases he sup^ 
poses a little less than half : the pitch, 
whit^h proportion is very common in prac- 
ticev When both wheel and pinion, how-^ 
ever, are of cast iron, it is evident, that 
being more liable to wear, the teeth of 
the pinion ought to be thicker than those 
of the wheel. 



Construction of the following Table* 

99* The thickness of the teeth in each of 
the lines, is varied one tenth of an inch. 
The breadth of the teeth is always four 
times as much as their thickness. The 
strength of the teeth is ascertained by muU 
tiplying the square of their thickness into 
their breadth^ taken in inches and tenths, 
&c. The pitch is found by multiplying the 
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thickness of the teeth by 2^ A. The number 
that represents the strength of the teethe 
will also represent the number of horse^^ 
power, at a velocity of about four feet per 
second. Thus in the table where the pitch 
is 3.15 inchesj the thickness of the teeth 1^ 
inchesj and the breadth 6. inches^ the strength 
is valued at ISi horses' pmoer^ witha vdo^ 
^% of four feet per second at the pitch 
line* > 
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A Tabk of Pitches of Wheels. 

100. With the breadth anilhickness of 
the teeth, and the correspondiDg number 
pf horses' power, moving at the pitch line 
at the rate of three feet, of fonr feet, 6f 
six feet, and of eight feet per second. 



1 

.5 
t 


^1 


1 


m 


1^ 


1 


-Si 

as 


3.99 


1.9 


7.6 


27.43 


30.57 


41.14 


54.65 


3.78 


1.8 


7.3 


23.S2 


17.49 


34.96 


46.64 


3.57 


1.7 


6.8 


19.65 


14.73 


29.46 


39.28 


3.36 


1.6 


6.4 


16.38 


13.38 


34.56 


32,74 


3.15 


1.5 


6. 


13.5 


10,13 


20.24 


S6.98 


%9i 


1.4 


5.6 


10.97 


S.22 


16.44 


31.92 


a.73 


1.3 


5.2 


8.78 


6.58 


13.16 


17.54 


3.52 


1.2 


4.8 


6.91 


5.18 


ia36 


13.81 


2.31 


1.1 


4.4 


5.S3 


3.99 


r.98 


10,64 


3.1 


1.0 


4. 


4.0 


3,0 


6JD 


8.0 


1.S& 


.9 


3.6 


9.91 


3.1S 


4^6 


6.81 


1.68 


.8 


35 


2.01 


1,53 


3.06 


3,08 


1,47 


.7 


S.S 


1.37 


1.037 


2.04 


2.72 


.IAS 


a 


3.4 


.86 


.64 


1,38 


1.84 


1.05 


.5 


3. 


.5 


.37.^ 


.75 


I. 
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I HOPE the followiDg letter, respecting 
the strength, Sec. of wheel-work, for which 
I am indebted to Mr. James Carmi- 
CHAEL, millwright, (now of Dundee,) will 
not be unacceptable to the reader : 

101. " Sir— It is & corroboration of 
the truth of the tables of pitches, that 
Mr. Roberton's table coincides very 
nearly with columns marked Y in your 
tables ; but he seems to hav^e overlooked 
the propriety of taking the length of the 
teeth into his calculations. I am, there-^ 
fore, still of opinion, that the true va« 
lue is in the columns marked Z in your 
tables. 

^^ Admitting - the truth of the funda* 
mental propositions, and, from a compa^ 
rison of the tables of pitches, I would 
propose the following rule, which is on 
the same principle 'as that of columns Z 
in your tables, for calculating the propor-» 
tionate strength of the teeth of wheels. 
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. 4 , * . . - » 

J 

Rule. 

** Multiply the breadth of the teeth by 
the square of the thickness, and divide 
the product by the length. The quotieht 
will be the proportionate strength in horses' 
power, with a velocity of 2*27 feet per 
second. 

^^ By that rule I have calculated the 
following table ; and, for the sake of com- 
jparison, I have taken three cases from 
[Mr. Roberton's table, and three from your 
tables 3d and 5th. 



Explanation of the Table. 

^^ Column 2, contains the thickness of 
the teeth. The pitch is found by multiply- 
ing the thickness by 2*1*; and the length 



* That is in order to make the space between the 
teeth a little wider than the thickness of a tooth. See 
Art. 99, 
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m 

IS found by multipljing the thickDess by 
1-2. ♦ 

^^ Column 5, contains the proportionate 
strength, and also the number of horses' 
power (proportionate to the case H, see 
page 179)9 which the teeth is equal to, 
with a velocity of 2*27 feet per second. 



^Wdi HI 



jittdMs^ 



31> 1^ 
^11- 

U- -714 8" 



4- 



Sh«ftil 



I 



^« 11*73 15*46 

i^es 



ir« 1 31-M 

33-56^61*58 
95-16 46- 
; 4-75% 69 i 13^4 831B 



r 4^ 
^ 1^696 1678 



1-714 ^-5» 




Remarks. 

^ Isty The last three cases in the tadde 
are taken from the tables Sd and 5th, and 
the results coincide so wdl with the cd- 



* Respecting vke lagth of leedi, see AiC lOSL 
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lumns marked Z, that J presume the rule 
is just. 

" 2dlt/j The first three cases are from 
Mr. Roberton's table ; the second case is 
very near the same as in Mr. R's table; 
but the first is considerably less» and the 
third considerably more. Hence I infer 
that Mr. R. has taken his data from a 
pitch about three inches. 

^^ Sdlify If any two wheels have the 
length and thickness of their teeth in the 
same proportion to their respective pitches, 
the breadth of the teeth and the velocity 
being the same, the strength will be directly 
as the pitches. The truth of this is deduced 
from the columns marked Z in tables 1st, 
3d, and 5th. 

" I am, 

'' Sir, 

" Your most obedient servant, 

"JAMES CARMICHAEL.*' 

Glasgow, 
Dc:c ESI B&R> 1808. 

O n 
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102. TABLE OF PITCHES 6F WHEEL- 

WORK, 

With the breadth and thickness of the 
teeth, and the corresponding strength iii 
horses' power, calculated by Mr. Car* 
Michael's rule. 



Pitch io 
inches. 


Thick- 
nest of 
teeth in 
inches. 


Breadth 

of teeth 

in inches. 


Length 

of teeth 

in inches. 


Strength 

of teeth, 

in horses* 

power 

at 2*97 

feet per 

second. 


Horses* 
power, 
at three 
feet per 
second. 


Horses' 
power, 
at six 
feet per 
second. . 

• ■ 


Hones' 
power 
at eleveit 
feet per 
second. 

t 


3-99 


1-9 


7-6 


2-28 


1203 


15-90 


31-80 


58 so 


378 


1-8 


7.2 


216 


10-80 


14-27 


28-54 


52-32 


3-57 


1-7 


6-8 


204 


9-63 


12-72 


25-54 


46-68 


3.36 


1-6 


64 


1-92 


853 


11-27 


22-54 


41-32 


3.15 


1-5 


6-0 


1-80 


7*50 


991 


19-82 


36-33 


2-94 


1-4 


5-6 


r68 


6-53 


8-63 


17-26. 


31*64 


2-73 


K) 


5-2 


1-56 


5-63 


7*44 


14-88 


27-28 


2-52 


1-2 


4-8 


1-44 


460 


6-34 


1268 


23-24 


2-31 


M 


44 


1-32 


403 


532 


10-64 


19-54 


210 


10 


40 


120 


333 


4-40 


8-81 


16-15 


1-89 


09 


3-6 


108 


2-70 


3-57 


7 14 


13-09 


1-68 


0-8 


3-2 


96 


213 


281 


5-62 


10-33 


1-47 


07 


2 8 


0-84 


1-63 


215 


4-30 


7-88 


1-26 


0-6 


24 


072 


1*20 


1-59 


3 18 


5-83 


1.05 


05 


2 


O-60 


0-83^ 


rio 


2-20 


4-03 



BssAY I.] OF WHEALS. * 195 

[A. 102.] It is not perhaps quite so 
difficult, as our author imagined, to deter- 
mine, from first principles, the strength 
proper for* teeth of wheels, and such a 
method must always be preferred to empi- 
rical rules. I shall here shew hovv to ap^ 
ply those principles which will give the 
reader an opportunity of comparing the 
two methods. 

In the first place let us consider under 
what circumstances the strain on a tooth 
will be the greatest possible. 

Let A B C D be the side of a tooth, then 
it will be evident, that the strain will be 




greatest, when the stress is thrown upon 

o 2 
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one corner of the tooth, as at C, whether 
H be from irregular action or from any sub* 
stance getting between the teeth. 

In such a case, it may be shown by the 
rules of maxima and minima^ that E C being 
equal to C B, the strain will be greatest 
in the line EB; and, in the case of frac- 
ture, it would take place according to that 
line. 

Since the thickness of a tooth is not re- 
gular, we shall have a result, sufficiently 
near foi* this purpose, if we express the re- 
lation between the stress and strain by 

Art. 81. and note to Art. 78 of this Essay,) 
which, when/= 15,300 lbs. on a square 

inch, reduces to - — =d* = the square of 

the thickness of the tooth in inches. But, 
a tooth should be capable of resisting this 
stress, when it is considerably worn by 
friction ; and an allowance fully equal to 
that which ought to take place before re- 
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newing the wearing parts of the machine, 
will be one third of the thickness of a 
tooth. Now to allow of this degree of 
wear, and remain equal to the stress, it 
may be easily shown that the tooth should 
be capable of resisting 2i times the power 

at the first ; therefore = d * ; or 

-. V— =rf. Where H is the number of horses 

4 V 

which are equal to the power of the first 
mover; v the velocity of the pitch line of 
the wheel in feet per second, and d the 
thickness of a tooth in inches. 

This investigation furnishes an easy prac- 
tical rule for the thickness of teeth ; and, 
consequently, for the pitch of wheels and 
pinions ; I shall give it in words at length, 
with an example, and then proceed to de- 
termine a rule for the breadth of teeth. 
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Utile for the thickness of Cast4ron Teeth 

for Wheels. 

[B. 102.] Find the number of horses 
which are equivalent to the power of the 
first mover of the train of machinery, and 
divide that number by the velocity, in feet 
per second, of the pitch line of the pinion 
or wheel; extract the square root of the 
quotient, and three fourths of this root will 
be the Jeast thickness of the tooth for the 
wheel or pinion, in inches. ^ 



l^ule for the least quantity of Pitch for a 
Wheel or Pinion zmth Teeth of Cast Iron. 

. [C. 102.] If the thickness of the teeth 
of the pinion be intended to be the same as 
those of the wheel, multiply the thickness, 
above determined by 2*1, the product will 
be the pitch required. 

But we may observe, that if a pinion 
makes three turns, for example, while the 
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wheel makes one, the teeth of the pinion 
will be worn three times the quantity of 
those of the wheel. Hence, to provide 
against such excess of wear, if the pinion 
makes n revolutions, while the wheel makes 

one, the pitch should be ■ ^ d inches, and 

• * 

the thickness of the teeth of the pinion 
-^— d inches, when d is the thickness . of 
the teeth of the wheel, 



Example. 

[D. 102.] Let the force of the first 
mover be equivalent to ten horses, and the 
velocity of the pitch line three feet per se- 
cond. Dividing 10 by 3, we have Si; and 
the square root of 34^ (by the table of 
powers. Art. 373.) is 1*83 nearly;, and 
i X 1*83 = 1*45 inches for the thickness of 
the teeth of the wheel. 

Again, suppose the pinion to turn 
twice to the wheel once, then n = 2, and 

— ^x 145 = 3*5 inches the pitch. 
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And ^x l-4o = 1-93 inches, the thick- 
ness of the teeth of the pinion. 



Thickness of TVooden Teeth. 

[E. 102.] The kind of wood employed 
for teeth, is usually about one fourth of 
the strength of cast iron, and since the 
thickness of the teeth should vary inversely 
as the square root of the power of the ma- 
terial, the square root of* being i, wooden 
teeth should be twice the thickness of cast 
iron ores. The pitch of course will be 
greater in the same proportion. 

« 

To determine the breadth of Cast-iron Teeth. 

[F. 102.] That case where a beam is 
fixed at one end, and the load acts at the 
other, applies to the teeth of wheels, in 
their general state of action, and the stress 

is — ^. (notes to Art. 78.) Hence, when 

/ = the length, and b = the breadth of a 

tooth, '^—^ = ai2 b d\ {Essay on Cast 
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Irouj Art. 116,) and to allow one third of 
the thickness of the tooth for wear, the 

equation becomes ^ ^^^^ — = 2^12 bd*. But 

we have already seen, that d' = ; 

therefore !iiig?2ii =.556 6 x 2 12, or 1-2 1 = h. 

This calculation informs us what breadth 
is essential for strength; that is, the 
breadth should never be less than 1*2 mul- 
tiplied by the length of the tooth ; but, it 
may be proved that the durability is nearly 
in direct proportion to the breadth, and 
inversely as the pressure. Some of the 
maxims of our author as far as regards the 
breadths of teeth agree well with the theory 
of durability ; but the conclusions respect- 
ing strength, and the limits of pitch are 
not so much to be rehed upon ; indeed 
the facts drawn from practical construc- 
tion are not so well adapted for the latter 
object. 

[G. 102.] If we suppose that teeth 6 
inches in breadth are sufficiently durable 
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for a power equivalent to 10 horses, when 
the pitch line moves at the rate of 3 feet 
per second ; and the Table of Wheels in 
p. 169^ Art. 86. seems to indicate that 
this supposition is near the truth; there- 

fore — : o : : - : 6 = — -- — = . That is, 

3 V 10© V ' 

multiply the horses' power by TSj and di- 
vide by the velocity of the pitch line in 
feet per second, the quotient will be the 
breadth in inches. 

Example. Taking the case H in the 
table Art 86, we have llS^L^iiiH- 

^ 1? 11 

7'53 inches: Messrs. Boulton and Watt in 
this case made the breadth 8 inches. . 

In the case K, by the same makers, 
— — = VL = 3*8 inches. The breadth ac- 

tually employed was 5 inches. Hence it 
appears, that in a considerable range ot 
power and velocity, our formula gives re- 
sults below those actually employed, but 
the breadth assigned by the table calculated 



ESSAY I.] OF WHEELS. 203 

by Mr. Roberton, Art. 100, is always vastly 
below mine in the greater powers ; indeed 
it is manifestly erroneous in the breadths, 
for where the moving power is doubled, 
the breadth is increased only one third. 
In the thickness of teeth, it nearly agrees 
with my rule. • 










Breadth of Wooden Teeth. 

[H. 102.] For wooden teeth we may 
take as the basis of a practical rule, the 
case N in the table. Art. 86; which, ex- 
pressed in the nearest whole number, is 

^ — =6 m mcnes. 



Example. 

In the case O ; H=4 horses, and t;=4'8 

feet per second; therefore, — =-^=4-17 

inches the breadth; the actual breadth 
used wa5 44 inches. 
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Of the Strength of Staves for Trundles. 

[L 102.] This is a subject our author 
has not touched upon, but I consider it 
necessary to examine it, because trundles 
seem capable of improvement, and they 
have some advantages which toothed pi- 
nions have not. 

If the length of a stave in feet be /, its 
diameter in inches rf, and the stress upon 

it — ^ ; which is s(>pposed to act at the 

weakest part of the stave; that is, in the 
middle of its length; then, by the rule for 
the strength of cylinders, {Essay on Cast 

Iron, Art. 129,) ^1^=^'- Now, if it be 

made to resist 2t times the power when 
first made, in order to allow for wear ; we 

shall have -^-r^ — =6?», or ( ) =d; or 

500 1? ^ V D / ^ 

with sufficient accuracy, 2 (— ) =c?. 
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Example. 

Let the power of the first mover be 
equal to 10 horses, the velocity of the 
pitch line 3 feet per second, and the length 

of the stave '9 of a fdot ; then 2 (^V= 

2(^)^=2xl-442=2-884 inches the dia- 
meter of the stave. (Ed.) 

103. As it may be of use to millwrights, 
I take the liberty of inserting the follow- 
ing tables from a respectable periodical 
publication.* 

* This very useful table was printed in a small pam- 
phlet, price one shilling, in 1803, but is at present out 
of print. When the number of teeth is less than 10, 
look for the radius of double the number of teeth, and 
half of it will be the radius required. When the num- 
ber of teeth exceeds 300, look for the radius of half the 
number of teeth, the double of which will be the one 
required. (Ed.) 
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Table of the Radii of Wheels, from Ten to Three 
Hundred Teeth, the Pitch* being two Inches. By 
" Mr. J5. Donkin, Civil Engineer, London. 



No: 


Radius 






, 






/ 


of 


■ in 




No. 


Radius. 




No. 


Radios. 


teetb. 
10 


inches. 




34 






58 




3-236 


10-838 


18-471 


11 


3549 




^5 


11*156 


■ 


59 


18-789 


12 


3*864 




36 


11-474 




60 


19*107 


13 


4179 




37 


11792 




61 


19-425 


14 


4*494 




38 


12*110 




62 


19-744 


15 


4810 




39 


12*428 




63 


20-06^ 


16 


5-126 




40 


12*746 




64 


20-380 


17 


5-442 




41 


13064 




65 


20-698 


18 


5759 




42 


13*382 




06 


21-016 


19 


6076 




43 


13*700 




67 


21-335 


20 


6-392 




44 


14018 




68 


.21-653 


21 


6-710 




45 


14-336 




69 


21-971 


22 


7 027 




46 


14-654 




70 


22-289 


23 


7-344 




47 


14*972 




71 


22*607 


24 


7 661 




48 


15-290 




72 


22-9216 


25 


7-979 




49 


15*608 




73 


23-244 


26 


8-296 




50 


15926 




74 


23-562 


27 


8614 




51 


16 244 




75 


23-880 


28 


8-931 




52 


. 16 562 




76 


24-198 


29 


9-249 




53 


16-880 




77 


24517 


30 


9-567 




54 


17198 




78 


24-835 


31 


9*885 




55 


17-517 




79 


25153 


32 


10*202 




56 


17*835 




80 


25-471 


33 


10*520 




57 


18*153 


81 


25-790 



* By the Pitch is understood the distance between 
the centres of two contiguous teeth ; and by the radius 
is understood the distance between the centre of the 
whe/jl and the centre of each tooth. For any other 
pitch, say, as two inches is to the radius in the table, 
so is the given pitch to the radius required. 
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No. 


Radios; 




No, 


f Radius. 




No. 


Radios. 


89 


26- 108 


118 


37-565 


154 


49023 


83 


26-426 




119 


37-883 




155 


49-341 


84 


26-741 




120 


38-202 




156 


49-660 


85 


27-063 




121 


38-520 




157 


49-978 


86 


27-381 




122 


38-838 




158 


50-296 


87 


27-699 




123 


39-156 




159 


50-615 


88 


28017 




124 


39-475 . 




160 


50-933 


89 


28336 




125 


39-793 




161 


51-251 


90 


28-654 




126 


40111 




162 


51-569 


91 


.28972 




127 


40-429 




163 


51-888 


92 


29-290 




128 


40-748 




164 


52-206 


93 


29-608 




129 


41-066 




165 


52-524 


94 


29-927 




130 


41-384 




166 


52*843 


95 


30-245 




131 


41-703 




167 


63161 


96 


30 563 




132 


42-021 




168 


53-479 


97 


30-881 




133 


42-339 




169 


53*798 


98 


31-200 




134 


42 657 




170 


54-116 


99 


31-518 




135 


42-976 




171 


54-434 


100 


31-836 




136 


43 294 * 




172 


54-752 


101 


32155 




137 


43-612 




173 


55-071 


102 


32-473 




138 


43-931 




174 


55-389 


103 


32-791 




139 


44-249 




175 


55*707 


104 


33- 109 




140 


44-567 




176 


56*026 


105 


.33-427 




141 


44-885 




177 


56-344 


106 


.33-746 




142 


45-204 




178 


56-662 


107 


34-064 


1 


143 


45 522 




179 


56-980 


108 


34-382 




144 


45-840 




180 


57*299 


109 


34-700 




145 


46158 




181 


57-617 


no 


35018 




146 


46-477 




182 


57*935 


Jll 


35-337 




147 


46795 




183 


58253 


112 


35-655 




148 


47- 113 




184 


58*572 


113 


35-974 




149 


47-432 




185 


58*890 


114 


36292 




150 


47*750 




186 


59*209 


115 


36-611 




151 


48-068 




187 


59*527 


116 


36-929 


' 


152 


48-387 




188 


59*845 


317 


37-247 




153 


48705 




189 


60163 



308 



ON THE TEETH 



[essay I. 



No. 
190 


Radkw. 


60-482 


191 


60-800 


192 


61-118 


193 


61-436 


194 


61-755 


195 


62073 


196 


62-392 


197 


62-710 


198 


63*028 


199 


63*346 


200 


63 665 


201 


63-983 


202 


64-301 


203 


64-620 


204 


64-938 


205 


fe<256 


206 


65-574 


207 


65-893 


208 


66-211 


209 


66*529 


210 


66*848 


211 


67-166 


212 


67-484 


213 


67*803 


214 


68-121 


215 


68-439 


216 


. 68*757 


217 


69*075 


218 


69 394 


219 


"69*712 


220 


70031 


221 


70*349 


222 


70-667 


223 


70985 


224 


71304 


225 


71*622 


226 


71*941 

• 



No. 



227 
228 

229 
230 
281 
232 
233 
234 
235 
236 

237 

238 

239 

240 

241 

242 

243 

244 

245 

246 

247 

248 

249 

250 

251 

252 

253 

254 

255 

256 

257 

258 

259 

260 

261 

262 

263 



Radint, 



72-258 

72-577 
72-895 
73214 
73-532 
73850 
74168 

74-487 
74805 
75-123 
75-441 
75-760 
76078 
76-397 
76-715 
77-033 
77*351 
77670 
77988 
78*306 
78*6^5 

78*943 
79*261 
79-580 
79-898 
80-216 
80-534 
80-853 

81171 
81-489 
81-808 
82-126 
82*444 
82*763 
83 081 
83*399 
83*717 



No. 



264 
265 
266 
267 
268 
269 
270 

871 
272 
273 
274 
275 
276 

277 
278 

279 
280 
281 
282 
283 
284 
285 
286 
287 

288 
289 
290 
291 
292 
293 
294 
295 
296 

297 
298 

299 
300 



Radios; 



84036 
84 354 
84673 
84991 
85-309 

85-627 
85-946 
86-264 
86582 
86-900 
87 219 

87-537 
87-855 
88-174 
88*492 
S8-S10 
89-129 
89-447 
89-765 
90084 
90 402 
90720 
91-038 
91357 

91-675 
91-993 
92 312 
92-630 
92-948 
93-267 
93-585 
93-903 
94 222 
94-540 
94-858 

95177 
95-495 
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I 



O/" Arranging the Numbers of Wheel 

Work. 

[A. 103.] In a machine, the velocity of 
the impelled point should be to that of the 
\eorking point in the ratio which is adapted 
ta the maximum effect of the moving 
power on the one part, and the best work- 
ing effect on the other part. Any other 
arrangement of the relative motions of the 
parts ojf a machine must clearly be at- 
tended with a loss of power, or the work 
will not be done properly. But when the 
best working velocity is known, and also 
that which enables the first mover to pro- 
duce the greatest effect; the proper ar- 
rangement of the numbers of the teeth of 
the wheels and pinions is a very simple 
operation. The subject has been treated 
of for particular machines, by" several 
writers ; but since it has been chiefly under 
a sfomewhat erroneous view of the real 
nature of the maximum effect of machines, 
it will be perhaps of use to give a general 

p 
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formula, and a few particular examples,* 
to save the trouble of reference, and ren- 
der the work somewhat more complete. * 

It will be an advantage to advertise the 
young mechanic of one or two essential 
particulars, before proceeding to tHe prin- 
cipal object. 

[B. 103.1 In the first place. When the 
wheels drive the pinions, the number of 
teeth in any one pinion, should not be less 
than 8; but rather let there be II or 12 
if it can be done conveniently. And in 
the particular form of teeth described in 
Art. 2j5, the number of teeth in a pinioo 
should not be less than 10 ; but it would 



^ The methods of adjusting the numbers of wheel 
work^ so that the contemporary revolutions may be 
always in a given ratio, is a distinct branch of this sub- 
ject, chiefly useful in clock and watch-work, planetaiy 
machines, and the like ; and since our plan does not 
include the construction of such machines, the reader 
desirous of such information, may consult Camus on 
the Teeth of Wheels. 
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be better to have 13 or 14. (See Art. A 
28, to D 28.) 

[C. 103.] Secondly, Whpn the pinions 
drive the wheels, the number of teeth on a 
pinion may be less ; but it will not in any 
case be desirable to have fewer than 6 
teeth on a pinion ; and give the preference 
to 8 or 9> where it can be dona with con- 
venience. 

. [D. 103.] Thirdly, The number of teeth 
in a wheel should be prime to the number 
of teeth in its pinion; that is, Jthe numbeip 
representing the teeth in thfe wheel should 
not be divisible by the number of teeth ia 
the pinion without a remainder. And as 
the numbers of pinions will in general be 
first settled, it will be an advantage to 
take a prime number for each pinion, as 
7^ 11, 13, 17, 19j 23, Sec. because such 
numbers are seldomer factors than othiBrs« 
But when it happens that a prim^ number 
can be directly fixed upon for the wheel, 
<any whole number which approaches near 

p2 



■ ( 



\ 
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to the required ratio will answer for the 
pinion ; as minute accuracy is not re* 
quired. A prime number for the wheel, or 
one which Js not divisible by the number 
of the pinion, is esteemed the best, because 
the same teeth will not always come to« 
gether, and the wear will be more uniform. 

[E. 103."! Fourthly, If it be desired 
that a given increase or decrease of velo- 
city should be communicated with the 
least quantity of wheel work, it has been 
shown that the number of teeth on each 
pinion should be to the number on its 
wheel, as 1 : 3-59 (Dr. Young's Nat. Phil. 
Vol. II. art. 366.) But, on account of 
the space required for several wheels, and 
the expence of them, it will often be ne- 
cessary to have 5 or 6 times the number 
of teeth on the wheel that there is on the 
pinion. The ratio of 1 : 6 should however 
not be , exceeded, unless there be some 
other important reason for a higher ratio. 

[F. 103.] Of calculating the Numbers 






m'\ 
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for Wheel Work. Let n be the number of 
revolutions per minute for the first axis^ 
to which the moving power gives motion ; 
and N the number of revolutions per mi« 
nute of. the last axis, where the resbtance 
or working point is. Then, w : N : : 1 

• — , which is the ratio the velocity is to be 

increased or diminished. 

If this ratio should not exceed 1:6a 
single wheel and pinion will be sufficient ; 
but when it exceeds that ratio, more will 
be necessary. 

\ 

When each of the pinions has the same 
number of teeth, and each wheel the same, 
number; then, the ratio of the number on 
a pinion, will be to the number on a wheel 



as 1 :^; oras 1 : (^)«- . (1)^ 

W a 



The number of pinions being a. 

But it is sometimes necessary to adapt 
the trains of machinery to prodiice diiler- 
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ent velocities^ at the working pdints/aiid it 
is on this account often desirable to vary 
the size of the wheels. Then^ the ratio 

1 : — must be decomposed idto factors 

suitable to the nature of the work to be 
done; if those factors be any numbers 
a, bj c, &c. the ratio will be 1 : axbxCy&Cj. 

•T- (2.) 

The first mover should be as near as 
possible to the resistance. But, when it 
is absolutely necessary to perform opera- 
tions at a considerable distance from the 
first mover, the velocity of the communi- 
eating sh^ts should be brought up, as near 
as possible to the first mover, to that which 
is most advantageous for the different 
species of work. 

But the velocities of the parts of ma- 
chines are often given iti feet per second ; 
let V be the velocity in feet per second; 
theft 60 1; is the feet described in a minute. 
Also let c2x3*l4l6 be the circumference 
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which moves with the velocity v; then 

60 r 19*09 V • ^i i ^« .v 

3-1416 d '^^T"" ^^ **^^ revolutions the axis 
makes in a minute. 



When the first mover acts with a velo- 
city t; at the distance ^d from the axis; 

then — j-^=w ; and the ratio the teeth on 

the pinions should be to those on the 

^^^^« ^^ 1 • (i^)"^- (3.) 

And, when the velocity V of the working 

point is also given, then — g— =N; and 

the ratio of the teeth on the pinions should 

be to those on the wheels as 1 : T^t^V^ (4) 

If the velocity is to be decreased, then 
it will be as the wheels are to the pinions, 
instead of the pinions to the wheels. The 
use of these proportions will be best illus- 
trated by examples. 

[G. 103.] Example I. Let it be re- 
quired to calculate the numbers for a 
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corn mill moved by an overshot water 
wheel. 



This case comes under Proportion (4). 
where a, the number of pinions, will never 
exceed 2, and not often more than !• 
And in order ibhat the grain may not be 
too much heated in grinding^* the velocity 
of the circumference of the millstone^ 
should not be greater than 23 feet per 
second, hence V=23; and D will be the 
diameter of the millstone in feet» 

Also, in an overshot wheel t? = 2'67 a/ A 
(Art. 328. BO and d = 1-108 A, (Art. 328, A.) 
where h is the whole fall in feet. Hence I : 

(Vd\i 1 . /^23x 1-108 A\i ^ 
^rr )7, becomes 1 : 1 = — i . Or as 

1 : y ^^ V when there are two pinions ; 

and simply as 1 : ^ , when there is but 

one pinion. Suppose the diameter of the 
stone to be 5 feet, and the fall l6 feet, then 

a/ A 5= 4, and D = 5, and 1 : .^ - ' , or as 
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1 : 7'632. Now it will be better, in thi» 
case, to have two pinions, since the ratio 
is greater than 1:6; therefore as 1 : 
7'632* or as 1 : 2-763, so is the teeth in 
each pinion to the teeth in its wheel. And 
making the prime number 11 the number 
of teeth of each pinion, we shall have 11 x 
2*763 = 30, the nearest whole number for 
the teeth of each wheel. The thickness^ 
of the teeth being found by the rules for 
that purpose, (see Art. B. 102.) the radius 
of the wheeU and pinipns will be found by 
the table of radii, (Art. 103.) 

Again, let the fall be 4*84 feet, the diame- 
ter of the millstone being 5 feet as before ; 

then, vA=2*2, and 1 : — jp- becomes as 

1 : 4*1976. Here one pinion or trubdte 
will be best ; and making the te^eth on the 
pinion 11 those on the wheel will be 
llx4'1976=46 in the nearest whole num- 
ber. 

The young millwright will find it useful 
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to calculate a table by these rules^ which 
might be extended to undershot wheels, 
and exhibit at one view the whole con- 
struction of mills. . 

[H. 103.] Example II. Let it be re- 
quired to arrange the numbers for a nia- 
ohine for raising water, where the pumps 
are to make N strokes per minute, the 
velocity of the moving power being v feet 
per second, and the diameter of the circle 
described by the power d feet. 

This case is an example of the use of 

Proportion (S-) or 1 : (j^)^. Now let 

the moving power be a horse, where v is 
2| feet per second, (see p. 167.) and d 
the diameter of his track, 30 feet ; the 
pump to make 20 strokes per minute, or 

20x30 

N = 20, then the ratio is 1 : jg.^^^^ 9 or as 

1 : 12-6 nearly. Therefore if the pinion 
have 13 teeth, the wheel should have 13 x 
12-6 = 164 teeth in the nearest whole 
numbers. 
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' But I should prefer making two pinioos, 

and thciti the ratio will be 1 :v 12'6oi* a$ 
1 :.3'549 nearly, and each pinion hav- 
ing 11 teeth, the wheels should each 
have 11 X 3-549 = 39 teeth. 

These examples will perhaps be sufficient 
to explain the mode of calculation ; and 
trhen once it is understood, it will very 
easily be applied to other cases ; and will 
be found somewhat more convenient than 
the methods usually followed. (Ed). 



PRACTICAL OBSERVATIONS WITH RE- 
GARD TO MAKIK^G OF PATTERNS OF 
CAST IRON WHEELS. 

104. Having determined the pitch of 
the wheel strong enough for the purpose 
to which it is to be applied, the thickness 
of the tooth serves to regulate the propor- 
tionate strength of the other parts. 

• - . . ... 

A very respectable millwright informs 
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me, tbat be has for a considerable time 
adopted the following rule for determinii]^ 
the length^of the teeth of wheels, the prac- 
tical efficacy of which he has found quite 
satisfactory. 

Rule — Make the length of the teeth equal 
to the pitchj deducting freedom^ (by the 
freedom is meant the distance at t])e top 
of one tooth, and the root of another mea- 
sured at the line of centres,) in other 
words, the distance from root to root 
of the teeth, at the line of teeth when 
the wheels are in action, exactly equal to 
the pitch. 

For example — he makes the teeth of two 
inches pitch, 1 inch and \k in length, which 
is allowing A of freedom. 

Another respectable millwright, who had 
had much experience, particularly in mills 
moved by horses, has for a considerable 
time past, made the teeth of his wheels in 
length only one half of the pitch, and 
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works them as deep as possible^ without 
the point touching the bottoms. Before 
he fell on this expedienty he found the 
teeth exceedingly liable to be broken from 
any sudden motion of the horses.* 

Indeed, upon reflection, it will be found 
there is no occasion for more freedoms 
than that the point of the tooth of the one 
wheel, shall just clear the ring of the other ; 
more than this must only serve to weaken 
the teeth. The mode of geering, however, 
above alluded to, is more necessary in 
horse mills than where the moving power 
is steady and regular. 

r 

Hutton (on Clock-work) recommends 
making the distance of the pitch line 4 of 
what we call the thick nessi of the tooth. 
Thus, suppose the rule applied to a two 
inch pitch and that the tooth and space 
were exactly equal, then the tooth would 



* Respecting the length of teeth, see Art. A. 25 j 
A. 32, and 36. (Ed.) 
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project 4 of an inch beyond the pitch line^ 
and its root would be as far within the 
pitch line, as to receive freely the tooth 
intended to act on it: suppose it also it 
then the tooth would be It inch long, be* 
sides the freedom, which, making as above, 
tv» the tooth would be in all I44 inch long. 

105. But it is to be remarked, that: tHe 
millwright, in making his pattern for: a 
cast-iron wheel, has to attend to a circumt 
stance arising from the nature of that ma^ 
teriah The pattern must not only be bf 
such a form as to be sufficientlj strong, 
calculating by the bulk of the parts, but 
also proportioned, so that when the fluid 
metal is poured in the mould, it may cool 
in every part nearly at the same time.' 

When due attention is not paid to this 
circumstance, as the metal is cooling, if it 
contract faster in one part than in another, 
it will be apt to break somewhere, just as 
a drinjcing glass is broken by suddenly 
cooling or heating in any partic?ular part 
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of it. In aU patternB for cast iron, about 
i of an inch to the foot, should be allbwed 
for the contraction of the metal in cooling. 

Attention must also be paid to taper the 
several parts, so that they may rise freely 
without injuriqg th6 mould, when the 
founder is drawing them out of the sand. 
A little observation cjf the operations of a 
common foundry, will better instruct on 
this part of the subject than many words. 
We may observe, however, that about tV of 
an inch, in a depth of 6 inches, is commonly 
a sufficient taper. 

106. Attending to those circumstances, 
I beg leave to'oflfer the following propor- 
tions as having been found to answer in 
practice. 

Make the thickness of the ring at equal 
to the thickness of i;he tooth a c near its 
root. When the ring is made thinner than 
the root of the tooth, the ring commonly 
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gives way to a strain, which would not 
break the tooth. 

Make the arm, at the piart where it pro- 
ceeds from the ring, of the same breadth 



Fig. 1. 



Fig. 2. 



Fig. 3. 



Fig. 4. 




I 
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/ 

and thickness as the ring; and at the 
junction e/, let it be so formed as to take 
off any acute angle which would be apt to 
break off in sand. 

The arms should become larger as they 
approach the centre of the wheel, (see 
Emerson, Prop. 119, Rule 8,) and the eye 
E, should be sufficiently strong to resist 
the driving of the wedges, by means of 
which it is to be fixed on the shaft* This 
cannot be brought easily to calcula- 
tion. 

On the other hand, care must be taken 
not to make the eye so thick as to endan- 
ger unequal cooling. 

It should be somewhat broader than the 
breadth of the teeth, in order that it may 
be the firmer on the shaft: this breadth 
must be greater in proportion as the wheel 
is large. 

When the ring ae is about an inch 

Q 
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thick, it is common to make the eye about 
an inch and quarter thickness^ and about 
one-fifth broader than the ring, when the 

# 

wheel is about four feet diameter. 

Small wheels have generally but four 
arms, but it being improper to have a 
great space of the ring unsupported, the 
number of arms should be increased in 
large wheels. 

In order to strengthen the arms with 
little increase of metal, it is not unusual 
to make them feathered, which is done by 
adding a thin plate to the metal at right 
angles to the arm, as represented by figure 
third. Fig. 4 is a section of Fig. 3, at 
AB. 

The same rules apply to bevelled wheels ; 
of the practical mode of laying down the 
working drawings of which we have al- 
ready spoken. But it is proper to ob- 
serve, that the eye of a bevelled wheel, 
should be placed more on that side which 
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is furthest from the centre of the ideal 
cone of which the wheel forms a part. 

107. When wheels are beyond a certain 
size, it becomes necessary to have patterns 
sometimes made for them, cast in parts, 
which are afterwards united by means of 
bolts. 

A very good mode to prevent the bad 
effects of unequal contraction, is to have 
the arms curved, as in the second figure; 
the curved parts are commonly of the 
same radius as the wheel, and spring from 
the half length of the arms. 



Materials of Patterns. 

108. The patterns should be made of 
well-seasoned wood. The most proper is 
clean mahogany, but that being now very 
expensive, white deal is most commonly 

Q 2 
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used. Beech is very often used for the 
teeth, and being a close grained wood, it 
may be made very smooth. 

It is almost superfluous to say, that the 
workmanship of wheel patterns should be 
such as to produce great accuracy, and a 
smooth surface, the former being essential 
to the good movement of the wheels, and 
the latter to make the patterns produce a 
good clean impression in the sand. 

I am aware, that it is a common prac- 
tice, in many places, to make teeth very 
large in the pattern, and after fixing the 
wheels on their shafts, to chip and file the 
teeth to the proper size. 

I doubt, however, whether this, practice 
be really advantageous; for besides the 
great time which it occupies thus to dress 
the iron teeth, and the consequent expense, 
there is the loss of the outer skin (if I may 
use the expression) of the cast iron, which 
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is by far its most smooth and durable part. 
In cotton mills, therefore, this method is 
now but seldom practised.* 



* Messrs. Peel, Williams, and Co. have, after great 
time, trouble, and expense, made and arranged a very 
great number of patterns of wheels, so as to suit 
almost every case that can in practice occur. They 
have published a complete list of them, which they in- 
tend inserting also in the ^* Repertory of Arts.'' In my 
opinion, what they have done is a material national 
benefit; their expense, I am informed, for patterns, 
has not been less than four thousand pounds. There 
is, however, every reason to think, that it will be an 
excellent thing ultimately for themselves, as well as of 
great practical utility to the public. 



APPENDIX, No. II. 



TO ESSAY ON TEETH OP WHEELS. 



ON THE USE OF CHARTS, AND SOME FURTHER 
EXPLANATION OF THE CONSTRUCTION OF THE 
TABLES OF PITCHES OF WHEEL-WORK. 

109. When quantities of any kind, such 
as time, space, money, &c. expressed in 
numbers, are mentioned, it often requires 
a painful exertion of the mind to recollect 
and compare them. Hence the utility of 
bringing them into one view in tables. 
But there is another mode of comparing 
quantities not so generally practised, 
though, in many cases, much more easy 
and satisfactory to the mind. I allude to 
charts, in which, instead of using figures, 
as in tables, the quantities are geometri-r 
dally represented. This is done by divid-? 
ing the sides of a square or rectangle into 
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equal parts, and drawing parallel lines at 
right angles from the divisions. The quan- 
tities are pointed off at certain intersec- 
tions of these scales. 

110. When the quantities increase or 
decrease in arithmetical proportion, as 
1, 2, 3, 4, &c. that proportion will be re- 
presented by a straight line, which will 
pass through these points. 

111. But supposing the quantities to 
increase in geometrical proportion, as 1, 4, 
9> 16, &c. the line passing through the 
points of intersection will form a curve. 

These two cases will be best explained 
by examples. 

112. Fir sty Suppose the value of any 
thing to increase as its weight, — the scale 
on the one side of the square will then re- 
present the value, and that on another the 
weight. 

Let A C Fig. 1, Plate I. represent weight 
(say ounces,) and A D value (say shillings.) 
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Now, suppose we mark the price of four 
ounces, it is done by placing a dot oppo^ 
site to four, on the line of value, and 
opposite to four on the line of weight, at 
the intersections of the perpendiculars 
from these points, which intersection is 
marked by bd on the figure. In the same 
manner, we may mark the value of 1, 2, 3, 
5, 6 ounces. These points are marked 
a be ef, and the straight line A B passes 
through them all, and shews the regular 
progress of the proportion. 

It is of no consequence whether the 
divisions on the line A C be greater or less 
than those on A D, provided the lines be 
divided into equal parts. 

113. Secondj Suppose an accelerating 
motion, such as that of a falling body, is 
to be laid down on a charty — this motion 
increases as the squares of the times; that 
is, the body falls a certain distance in the 
first second of time, four times that dis- 
tance in the next second, and nine times 
in the third second^ &c. 
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These points are accordiDgly marked in 
Figure 2, by a opposite to 1 on both scales, 
by b opposite 2 on the scale of time, A D 
and 4 on that of motion AC; by c, oppo-^ 
site 3, on A D, and 9 on A C, &c. the line 
A B passing through these points forms a 
curve. 

114. When the proportion of any kind 
is regular, the curve has a regular easy 
sweep ; if otherwise, the curve will undu- 
late, or have irregular windings. Hence, 
it is a good mode of proving many kinds 
of tables, to lay down the quantities thus 
geometrically ; for if there be any material 
error, when the proportion ought to be 
regular, an elbow will appear in the line 
AB. 

115. Much calculation, too, may often 
be saved, for when a few of the principle 
points at some distance from each other 
are obtained in the curve, the rest of it 
may be easily found, by drawing the curve 
between them with a slip of thin wood, or 
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any other such means of producing an 
easy curve. 

116. Charts, on similar principles, 3re 
used for many purposes; for example, 
there are biographical charts, showing the 
periods when eminent men appeared, and 
the relative length of their lives. They are 
also used for representing revenue of any 
kind, which generally forms an undulating 
line, as does also the charts of the heights 
of the barometer, or the temperature in- 
dicated by the thermometer. The heights of 
mountains, the tides — in short, they may be 
considered as merely scales of equal parts, 
and, of course, ar6 applicable to all subjects 
capable of being represented by numbers. 

117. In order to give a more distinct 
comparative view of the tables of pitches, 
in the " Essay on the Teeth of Wheels,^* 
I shall lay their contents down in one 
chart, but previously, I shall here collect 
all these tables, and give some further ex^ 
planation of their mode of construction, 
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Tables of Pitches of Wheel Work. 

(Sbe Appendix to Essay on Teeth of Wheels^ Art. ^0—95.) 

TABLE L* 
Velocity of the Pitch Line being 3 Feet per Second^ 
and breadth of Teeth 9 Inches. 

W X Y Z 



Pitch in 
inches. 


Breadth 

of teeth 

in inches. 


Value, of 

strength 

in horses' 

power. 


Value of 

strength 

in horses' 

power. 


4 


9 


16- 


12- 


3^ 


9 . 


12-25 


10-6 


3 


9 


9- 


9- 


2^ 


9 


6-25 


7-5 


2 


9 


4- 


6- 


H 


9 


2-25 


4-5 


1 


9 


I- 


3- 



TABLE If. 
The Velocity being 3 Feet per Second, and the breadth 
of the Teeth double each Pitch. 

W X Y Z 



Pitch in 
inches. 


Twice the 
pitch in 
breadth. 


Value of 

strength 

in horses' 

power. 


Value of 

strength 

in horses' 

power. 


4 


8 


14-22 


10-66 


34- - 


7 


9-53 


8-17 


3 


6 


6- ^ 


6- 


2i 


5 


3-47 


4- 16 


2 


4 


1-77 


2-65 


li 


3 


•75 


1-5 


1 


2 


•22 


'66 



* Tables I. and IL'are for Teeth attached to water- wheels^ 
where liable to be worn by sand and water. 
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TABLE HI.* 
The Velocity being 11 Feet per Second^ and tke 
breadth of Teeth 8 Inches. 

W X Y Z 



Pitch in 
inches. 


Breadth 
of teeth 
in inches. 


Value of 

strength 

in horses' 

power. 


Valae of 
str^gth 
in horses' 
power. 


4 


8 


8177 


61-33 


3§ 


8 


6^61 


53-66 


3 


8 


46- 


46- 


2* 


8 


31-94 


36-33 


2 


8 


20-44 


30-66 


H 


8 


11-5 


23- 


1 


8 


511 


15-33 



TABLE IV. 
The Velocity being 11 Feet per Second, and the 
breadth double each Pitch. 

W X Y Z 



Pitch in 


Twice the 
pitch in 
breadth. 


Valae of 
strength 


Valae of 
strength 


inches. 


in horses' 


in horses* 






power. 


power. 


4 


8 


81-77 


61-33 


3i 


7 


5478 


46-95 


3 


6 


34-5 


34-5 


2i 


5 


19-96 


23-94 


2 


4 


10-22 


15-33 


H 


3 


4-31 


8-62 


1 


2 


1-28 


3-84 



* Tables III. IV. V. and VI. are for Teeth properly 
greased^ and free from sand. 
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TABLE V. 

The Velocity being 3 Feet per Second, and breadth 
of Teeth 8 Inches. 



w 


X 


Y 


Z 




Breadth 

of teeth 

in inches. 


Value of 


Value of 


Pitch in 


strength 


strength 


inches. 


in horses' 


in horses* 




power. 


power. 


4 


8 


32-30 


le-r'i 


3§ 


8 


1707 


14-63 


3 


8 


12-54 


1254 


2§ 


8 


871 


10-45 


2 


8 


5-57 


8-36 


1§ 


8 


313 


6-26 


1 


8 


1-39 


417 



TABLE VI. 

The Velocity being 3 Feet per Second, and breadth 
double each Pitch. 



w 


X 


Y 


Z 


Pitch in 
inches. 


Twice the 
pitch in 
breadth. 


Value of 

strength 

in horses' 

power. 


Value of 

strength 

in horses' 

power. 


4 


8 


22-30 


16-72 


3§ 


7 


14-93 


1279 


3 


6 


9-4 


9-4 


2i 


5 


5-44 


6-53 


2 


4 


2-78 


417 


1§ 


3 


117 


5-34 


1 


2 


0-34 


1-02 
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Reference to Table I, Art. 90. in the Essay 

on the Teetl^ of Wheels. 

118. Column X is omitted in Tables L 
III. and V. being only a repetition of the 
same breadth for all the pitches of each 
table, but as being perhaps plainer, they 
are inserted here. 

The numbers in column Y are found by 
squaring the pitch in column W. — (See 
Proposition I. p. 150; see also p. 175.) 



EXAMPLE. 

The square of 4, (the pitch in inches) = 
l6, the value of strength in horses^ power. 
— (See the first line of table.) * 

The column Z is found by inverse pro- 
portion. — (See Prop. II. p. 152.) taking 
three inches, (the standard pitch,) always 
as the first term, the pitch column, W, 
as the second, and the horses' power, in 
column Y, as the third term. 
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EXAMPLE. 



In. Id. Hones' power. Hones' power. 

3:4:: 16 : 12 (See first line of table.) 
3:1:: 1 : 3 (See last line of table.) 



Reference to Table 11. 

119. The numbers in column Y are 
found here by direct proportion from Table 

I. nine inches (the breadth in Table I.) 
being always the first term of the propor- 
tion ; the horses' power in Y, Table I. 
the second, and the breadth in X, Table 

II. the third term. 



EXAMPLE. 

Id. Horses* pow. Id. Horses' power. 

9 : 16 : : 8,: 14-22 (See Table II. line first.) 
Column Z is found, as in Table I. by in- 
verse proportion, 3 inches, (the standard 
pitch,) being always the first term. Thus, 

Id. Id. Horses' power. Horses' power. 

3:4:: 14-22 : 10-66 (See first line of 
table.) 
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Reference to Table III. 

120. The numbers in column Y are 
found by direct proportion, taking 9? (the 
square of the standard pitch of three 
inches,) as the first term, and the square 
of the pitch in W as the second term. 

Example. 

As 9 (the square of 3 inch pitch) 
Is to 16 (the square of 4 inch pitch,) 
So is 46 horses' power (the value in co- 
lumn Y of 3 inch pitch) 
To 81'77— (See first line of table.) 
Column Z is found by inverse propor- 
tion, as in former tables. 

Example. 

In. In. Horses' power. Horses' power. 

3:4:: 81'77 : 61-33.— (See 1st line 
of table.) 

Reference to Table IV. 
121. — The numbers in column Y are 
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found here in a manner similar to Table II. 
by direct proportiori^ 



Example. 

In. IiL Horses' power. Hories' power. 

8:7:: 6261 : 54-78.--(See 2d line 
of table.) 

The numbers in column Z are found, as 
in the former tables, by inverse proportion, 

In. lo. Horses* power. Horses* power. 

8:4:: 8177 : 6l'33.— (See 1st line of 
table;) 



kererkiite t6 table V. 

i22.— The numbers in column Y of this 
table are found by direct proportion from 
(Column Y of Table IV. 11 feet (velocity per 
second,) being always the first term, and 3 
feet (velocity,) the second term. 

Ft. Ft. Horses' power. Horses* power. 

Thus, 11 : 3 : : 81'77: 22-30.— (See 1st 
line of tableO 

Column Z id found by inverse proportion, 
as in all the former tables : 

R 
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lo. In. Honet* power. Honet' power. 

Thus, 3:4:: 22-30 : 16-72.— (See Ist 
line of tables.) 

\ 
Reference to Table VI. 

123. — ^The numbers in column Y and Z 
in this table, are found from Table V. in 
the same manner as those columns in Table 
II. are formed from Table I. The only 
difference in Table VI. from Table V. is 
that which arises from the difference of 
the breadth of the teeth. 



T^xplanation of the Chart. 

,124. The scale on the line AB repre- 
sents the pitch in inches. 

The scale on the line A C the horses' 
power ; a single example will probably 
be sufficient to illustrate the use of the 
chart. 

Suppose the pitch to be 3| inches, let it 
be required to find the horses' powet to 
which that pitch is equal when moving at 
3 feet per second^ in situations^ where pro- 
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periy greased and free from sand—ob- 
serve, where the line from the pi t^h 3* in- 
tersects the curve Z of Table YL perpen« 
dicular to the point of intersection, on th^ 
line AC, will be found 12'79 on the scale 
or the horses* po\^er.tQ: which 3f pitchy 
when the teeth are 'Jmobi&i broad, is. e^ual^ 
aftei: making allowaace for the length; of 
the teeth. (See Tdble VI, also Essay on 
Teeth of Wheels, p. 184.) 

Observations^ 

a 

' • t • ■ 

' ■ ■ \ • r f • ' ■ 

«/ » ■ , • . . 

125. 1st, It will be observed, that the 
curves Y and Z intersect each other, for 
all the tables on the pitch line .marked 3 
inches, because that is the standard. (See 
1st Essay, p. 172.) 

i 

126. 2nd, The curves, continued from 1 
inch pitch downward, unite in the points 
marked O, being the commencement of 
the scale of pitches, and this part of the 
curve gives the horses^ power equal to any 
fraction of an inch. 

R 2 
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127. 3d, It was already observed, p. 175, 
that durability as well as strength, should 
be considered in this investigation. The 
true proportion, therefore, may be some- 
where between the curves Y and Z, but 
nearer to Z than Y. For although long 
teeth will be more easily broken than short 
ones, yet while they do not break, the 
strain being generally difiused over a 
greater number of teeth, they will wear 
longer* 

128. The pitch is laid down on AB, 
feal measure, so that if the pitch should 
happen to be fractional, it may be taken 
by a pair of compasses and applied to the 
chart, which will at once indicate the 
power to which it may be equal at certain 
velocities. 

* See Art. 6L (Ed.) 
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PREFACE. 

It is my wish to make these Essays useful to 
operative Mechanics, and to save Engineers 
and Managers of Manufactories the trouble of 
much explanation in giving directions to fore- 
men and others, who are to carry their ideas 
into effect. They will, I hope, give such work^ 
men some notion of the principles on which 
their work should be conducted ; and, how- 
ever much some of them may be disposed to 
ridicule theory, yet it has always been found 
that Machinery erected upon true principles, 19 
ultimately the most economlQal, 
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Although I have endeavoured to adapt the 
styte of these Essays to the comprehension of 
merely operative Mechanics, I trust that men 
of science will not deem them entirely below 
their notice, those at least whose situation has 
precluded them from actual practice: 

Persons of this description I have known in 
great difficulty, from want of information about 
contrivances which are familiar to every Mill- 
wright. Nor is it difficult to account for this, 
for there is hardly any thing to be found in 
books with regard to many of the subjects of 
these Essays. As the path then is almost new 
and untrodden, I hope to meet with indulgence 
from the public. 

The following extract from a respectable 
periodical publication, appeared to me so appli- 
cable to the subjects of these papers, that I 
have taken the liberty of transcribing it.* 

" A country in which Manufactures are ex- 
tensively established, and conducted with spirit, 
as in Britain, becomes by degrees a country of 
Machinery. For inventions to diminish the quan- 

♦ Eclectic Review, Dec. 1806. Art. XII. 
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tity of human labour employed, will be more in- 
genious in construction, more powerful in opera- 
tion, and of more general use, in prc^ortion to 
the necessity" of furnishing a greater quantity of 
commodities at moderate and equable prices. 
The bodily exertions of workmen in whatever 
branch of labour have their limits, and exces- 
sive < efforts, if unduly prolonged, irremediably 
di^stroy the health and vigour of those who pur- 
sue them. But machines may be ccmtinued in 
activity day and night, week after week, and 
month after month; having in themselves no 
life which suffers a sensible consumption, no 
principle of activity whose energy requires a 
pause to effect its recovery or renovation. 

*^ We, have seen the Manufactures of our own 
country solicit the aid of every hand that could 
be spared from its Agriculture, and seek in 
distant lands for labourers of every age to sup* 
ply the mill or to throw the shuttle. We have 
seen ingenuity exerted to its utmost, to con- 
trive and to construct those machines which 
these labourers were to superintend and assist. 
We remember the time when these' construc- 
tions were the dread and the hatred of the 
^anufecturers, but we believe the most igno- 
rant \yorkman of the present day acknowledges 
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of materials. These, however, I confess to be 
of great value,; and in some cases I have en- 
deavoured to apply them. I hope that the 
various Tables which I have given in the 
course of the Essay, will be of great use to the ^ 
Millwright in finding without trouble the sizes 
of Gudgeons and Journals for any case that 
may occur in practice, and that the principles 
on which they are formed are laid down in so 
plain a manner that he will easily understand 
and apply them. These Tables may be con^ 
sidered as certain great lines drawn to guide 
the. Millwright in his work» and even allowing 
they may not be absolutely true, he may find 
from experience how near they may be ap- 
proached with safety. 

I take this opportunity of acknowledging the 
advantage which on this, as on former occa- • 
sions, I have derived from the assistance of my 
fiends. 

Glasgow, 
Dbc. 10, 1808. 
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INTRODUCTION. 

To proportion the diameters of axles 
to the stress they have to bear, is in mill- 
work of great practical importance. On 
the one hand, if the shafts be made too 
weak, it is evident they must soon give 
way ; and on the other hand, if made too 
strong, they occasion not only unnecessary 
expense in the construction of the ma- 
chinery, but what is in most cases still 
worse, a waste of power from unnecessary 
friction. It is therefore desirable, that the 
millwright should have some rules to guide 
him in this very important part of his 
business; a part which, I believe, has 
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hitherto in most cases been conducted 
entirely at random. 

I shall endeavour, therefore, in this 
Essay, to give such a practical view of 
the subject as shall enable the millwright 
to proceed with greater certainty. 

Until of late years most of the shafts 
used in mill work were constructed of tim- 
|3er. The use of cast-iron in this and other 
parts of millwork, however, has now be- 
come alpnost universal. For this improve- 
ment we are perhaps indebted to those 
who are engaged in the cotton manufac- 
ture. After Arkwright's invention, it be- 
came a great object with them to save 
time in the erection of machinery, and to 
render it as durable as possible; for every 
stoppage was attended witfi great loss, by 
throwing idle the numbers of people ne- 
cessary in cotton mills. 

Besides the expense attending the rer 
pair, what had perhaps still more weight 
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with them was^ that the pro6ts at that 
period on cotton spinning, were almost 
unparalleled in any other branch of manu- 
facture* 

Another circumstance which tended very 
much to the advancement of millwork, 
arose from Mr. Wattes improvement of the 
steam engine. This enabled cotton-spin- 
ners and other manufacturers who required 
power to work their machinery to carry 
on their business in towns. Hence power 
and people might, without trouble, be con- 
centrated on the most eligible spot, and 
the great expense and disadvantages avoid- 
ed which are attendant on colonizing the 
remote situations in which powerful falls 
of water are commonly found. I shall 
not here enter into the question of health 
and morals ; but certainly the unprecarious 
supply and steady exertion of such nume- 
rous hands, not only rendered the people 
more expert in all their operations, but 
tended very much to the improvement of • 
their machinery* 
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The introduction of cast iron then piay 
be considered as a kind of new era. in the 
history of mills. Without the use of thi? 
material, it would not have been possible 
with the same number of operative me- 
chanics to have constructed one tenth of 
the machinery which has of late years been, 
erected in Great Britain. 
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CHAP. I. 



SECTtON I. 



General Deseripttori of Shafts. 

129- The axlea used in millwork are 
commonly denominated, when of a large 
size, shafts ; those which are smaller, are 
usually called spindles. Thus, for example, 
we say the shaft of a water- wheel; the 
spindle which carries the millstone of a 
corn-mill. ^ 

130.t When shafts lie in a horizQataldir 
rection, they are called lying or horizontal 
shafts ; when vertical, they are termed 
upright J or vertical shafts. 

131. Shafts are usually made of wood, 
or of iron. Large wooden shafts are ge- 
nerally made either of solid oak, or are 
built of fir-logs. The scarcity of large oak . 
occasioned the built shafts of fir to come 



266 ON THE SHAFTS [essat ii. 

into more general use. The latest im- 
provement made on wooden shafts, was 
that of having what are called cross-tailed 
gudgeons.* Before that improvement, it 
was attended with very great trouble and 
expense, to keep the gudgeons from be* 
coming loose in the shafts. Indeed, it 
was found impracticable to keep them 
fast for any considerable time. 

132. Fig. 1 represents a wooden shaft, 
with the gudgeons in use previously to the 
last improvement. They are called laid in 
gudgeons. ABC is the gudgeon somewhat 
in the form of the letter T. One of the 
tails, C, was let into a mortice, and the rest 
of the gudgeon sunk into its place in the 
centre of the shaft. In order to accomplish 
this, it was necessary to cut out the part> 
from B to D, Plate II. Fig. 1, No. 2. 
After the gudgeon was laid in its place, 
the vacant part was filled up by the piece 

* The gudgeon is the arbour or spindle on whttch 
the shaft turns. • 
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of wood DE, Fig. 1, No. 1. Tiie shaft 
was then hooped, and the end of it driven 
full of wedges, in order to fasten the gud- 
geon. This gudgeon is shewn in perspec- 
tive. Fig. 1, No. 3. 

133. Fig. 2 represents a wooden shaft, 
with cross-tailed gudgeons. This kind of 
gudgeon is made of cast-iron, and being 
thin in the cross tails, let in from the end 
of the shaft, it leaves the wood much more 
entire than the laid-in gudgeon^ while its 
cross«arms take a much firmer hold. After 
it is let in, the hoops are driven on the 
end of the shaft, when warm, and lay firm 
hold of the ends of the cross-tails. The 
wood is then wedged up, which makes the 
gudgeons perfectly fast. Fig. 3 is a per- 
spective view of a cross-tailed gudgeon^ 
^nd Fig. 4 its profile. It is cast with the 
round part undermost j for which reason 
the pattern must have a taper, to make it 
rise out of the sand. This taper has, in 
the cro^s-tail«, another very important use, 
that of giving the gudgeonr the advantage 

s 
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of dave^tailed joints with the limber of the 
shaft when it is wedged up. Instead of 
wrought-iron hoops> cross-tailed gudgeeios 
sometimes have a hoop of cast-iron cast 
along with the tails, as represented by 
Fig. 5. 

[A 133.] When it is considered that the 
direction of the stress which tends to loosen 
the gudgeon in a wooden shaft is con- 
tinually changing, and that such action is 
exerted upon wood, a material that is so 
very easily permanently compressed; it 
will not be wonderful that it should have 
been found difficult to render them firm 
and lasting. The last method, viz. that 
where the hoop is cast along with the cross 
tails, seems to be far preferable to the 
other ; but perhaps it seldom happens that 
the hoop part is of sufficient length. It 
may be proved, that when Jhe diameter of 
the shaft is sufficient for the strain upon it, 
the length of the hoop should be equal to 
the square of the diameter of the shaft 
divided by the length of the shaft; other- 
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Wise there will be no certainty of the 
gudgeon remaining permanently fixed. 

* . ^ ■ 

[B. 133.] An improved method of fix- 
ing gudgeons is described in the Trans- 
actions of the Society of Arts, &c. vol. 
xxxi. p. 223; it consists in casting the 
gudgeon with cross arms, which fit into 
proper notches in an octagonal box of 
cast iron that has been previously ^fixed 
upon the end of the shaft. The arms of 
the gudgeon are retained in their places 
by screw bolts. ^ > 

In Plate [IV. A,] Fig. 1, 2, and 3, A A 
represents the end of the wooden shaft, 
which is supposed to be made of an oc- 
tagonal form. BB is the cast-iron box 
accurately fitted on the end of the' shaft, 
and wedged ti^t. The end of the box has 
a projecting flanch aa^ with four notches 
to receive the cross amis bbj ddjof the 
gudgeon C These cross arms are firmly 
fixed to the box by four screw bolts, which 
pass through the flanch, and the ends of 
the cross arms. The section, Fig. 3, shews 

s 2 
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tt^ box* B 6 on the end of the dbaft, with 
the gudgeon C, and its ciosa arois sepa* 
rated; to explain a further precaution 
whick is necessary for strength. This: pre- 
cautian consists in the cross arms havsns 
projections e e^ which enter tlie end of the 
box, and keep the gudgeon true to ito 
centre^ and prevent any. lateral atraii^ on 
the bolts. When the gudgeon of a . wheel 
is £tted according to tiiis method, it can 
be easily removed when it is so far wo^n 
that a new one is necessary ; and the new 
one inserted without injury to the end of 
the shaft. 

, This improved method was invented by 
Mr. Robert Hughes. 

. It is obvious that the length of the box 
should be regulated by the rule stated 
in Art. £A. 133.}* The real advantage 
gained by this mode of fixing seems to 
be, that of retaining the end of the wooden 
shaft more perfect, with the means of 



Hf 



» 

The rule supposes tbe shaft to be proportioDed^to 



the Stress upon it. 



V 
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renewing the'gUdgfcdti^ i^hhotit idjary to 
thfe shaft (Ed.) 

1SI4. Ca«t-if6hdIlaJ[hareso»ietid(^^a(ade 
hdFldir cylmders^ and ^ioi&etimes they are 
made aolid, and of variouei figuties. It i^ 
demonstrable^, that a holkhv cylinder is 
iriucb stronger, With the same ^uiltifitj of 
tAatt^, tbafi if iroUld be if made ifatd a 
solid of the sam^ kngth. This UW i^ terjr 
obserrable iii thie beatitiful economy of 
0dture' ; for in^nce, the stalks o^ plktats, 
the quills of birds, the boh^ df ahimtik. 
But, in the works of art, nutnbetleis ob*- 
dtacles to perfection continually oecuf . 
In this particular case, the expighs^ of 
making small shafts hollow, would be 
very great; and ahcH;ber objection is^ the 
difficulty ot triakiri^ sttCh Casting^ Jitfrfiidt: 
Shafts of a small diameter are, therefore, 
commonly made solid. 

135. Fig. 6, Plate 11. represents a cast* 
iron cylindrical shaft. It con^i^ts of three 
parts, the body, A B C D, and the two ^ud- 



263 ON THE SHAFTS [mssah tu 

geoDS, A E C, and B P D G. The gudgeons 
are turned, and carefully fitted into the; 
ends of the body, which is bored and turned 
to receive them. They are then fixed 
with screw-bolts, which pass through the 
flanches, as may be seen by the figure.* 

This kind . of shaft will obviously be 
variou3ly constructed, according to cir- 
c,u(nstances. That represented in the 
figure was made . for a cast-iron water^ 
wheel. The use of the small projections 
H,H, &c. IS to prevent the eye of the 
arms from shifting round on the shaft. 
When cylindrical shafts are not used, 
what ^re called feathered shafts are often 
adopted. 

136. Fig. 7, Plate III. represents this con- 
struction of a shaft. It probably took its 



♦ In this construction^ the resistance to twisting 
depends entirely on the bolts, and some difficulties 
appear to be eucountered in casting without cor- 
responding advantages, either in strength or beauty. 
(Ed.) 
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name from its resemblance to the feathered 
part of an arrow. It niay be here remarked, 
that shafts of this species, as often con- 
structed, are by no means calculated to 
withstand the twist brought upon them by 
the strain of the machinery. From the 
breadth of the feathers, their strength to 
withstand lateral pressure, is^ no doubt, 
considerable ; but wanting substance be- 
tween the feathers, they are liable to conti- 
nual tremour. Where feathers are applied 
to shafts, I would prefer keeping the body 
of the shaft fully as strong as the gudgeon, 
or journal*^ and apply the feathers merely 
to prevent bending in the middle, as Fig. 7, 
No. 4. But the simple square. Fig. 8, is 
more easily made, and, I believe, has been 
found in practice, at least as advantageous 
as any other form that has been tried for 
solid shafts«f 

* Joumahy or journeys^ are gudgeons subject to 
torsion. 

t It is easily proved, that the best (brm for a revolv- 
ing shaft is a cylinder, and that in any other form the 
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Having given this general account of 
shafts, I come next to consider the causes 
from which the stress on them arises. 



SECTION II. 

Of the Kinds of Stress to which Shafts ar^ 

subject. 

137 • There are two kinds of stress tb 
which shafts are liable : first, lateral stress; 
by which they may be broken across : se- 
condly, stress arising from torsion^ by which 
they may be wrenched or twisted. 



flexure will be irregular^ and consequently produce ir- 
regular wear on the gudgeons and brasses ; but when a 
shaft is to be adapted for placing wheels on ai^y part 
of its length, a square section is convenient 5 in all other 
cases, the section ought to be circular with projectiona, 
as at H, H, Fig. 6, Plate H. By making four of these 
projections continue throughout the lengdh upon a cy- 
lindrical shaft, all the advantage and convenience of a 
square one would be obtained, with very little irregular 
flexure. The projections should not be greater than te 
necessary to fix the wheels firmly on the shaft. (Ed.) 



BssAY 11.] OP MILLS. 266 

All horizontal shafts are liable to the 
first kind of stress^ viz. lateral stress; and 
some have ih) other strain whatever; as 
for instance, a water-wheel shaft, where 
the motion is communicated from teeth,^on 
the shrouding* See Plate III. Fig. 9. 

In Fig. 10, the stress on the upright 
shaft, arises ffom torsion only ; excepting 
what may proceed from the inaccuracy of 
the teeth of the wheels, which, if great, will 
occasion a considerable lateral thrust 

A vertical shafts which gives or receives 
motion^ by means of a pulley, has thereby 
a lateral pressure brought upon it. 

In Fig* 11 and 12 the stress is com- 
pounded of lateral pressure^ arising from 
the weight of the wheels A and B, and 
that of the shaft itself, and of the torsion 
or twist produced between the wheels A 
and R 

The following letter, with which Mr. 
JoiiK RoBERTON, engineer, favoured nie, 
as it relates to the subject of this Essay, 
and contains much useful matter, will, I 
hope, be acceptable to the reader : — 
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Dbar Sir, — In answer to yours, of 
the 7th, I shall throw out a few hints, 
which occur to me respecting the stress on 
gudgeons, shafts, &c. It is demonstrable, 
that by a judicious arrangement of wheels 
and pinions, in many cases much of the 
stress ^nd friction may be avoided. This 
is a doctrine in practical mechanics of very 
great importance, when we cobsider, that 
in many cases almost the whole of the 
impelling power is expended in overcom- 
ing the friction of the machinery. 

138. Let A, Fig. 1, Plate IV. be an over- 
shot water- wheeU Let the line a 6, repre- 
sent the line of direction of the centre of 
gravity of the water in the buckets. On 
the extremity of this wheel let there be a 
toothed wheel acting into the pinion B. 
It is obvious, that independently of the 
weight of the wheel, that the whole weight 
of the water will be supported by the axis 
c, and the teeth of the wheel at d; and 
the weight which each will sustain, will be 
in the ratio of ce to ed. That is, the 
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weight on the gudgeon will be as the dis- 
tance e dj while that on the teeth will be as 
ce; or if the radius of the toothed wheel 
were c c, the teeth would sustain the whole 
weight of the water, leaving no weight on 
the gudgeon but that of the wheel. Again, 
let the wheel B, be removed to C, it is 
evident that the gudgeon c, would have to 
sustain the weight of the water, and a 
great deal more. That is, the weight on the 
gudgeon would be increased as c tpec;* 
$o that it is evident, the stress and friction 
of the gudgeon must depend, in a great 
measure, on the size of the toothed wheel 
attached to the water wheel, and to the 
situation of the pinion B. 

. 139. Again, let there be a wheel at A, 
Fig. 2, fixed on the end or middle of a 
shaft working into the wheel or pinion JB, 
of any size. — Let the teeth move in the 
direction a b. It is evident, that the 

* The ti-ue relation of the stress in the two cases^ is 
dc+ed ' 
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I 

gudgeon or sliaft will tend to move in the 
contrary direction, that is^ in the directioti 
c dj and with the very same force that the 
teeth act npon each other, as action and 
reaction are equal and in contrary direc- 
tions, and for the same reasoti, the gudgeon 
of the wheel B, will tend to move in the 
direction e 6, with the very same farce^' 
that is, the same force as the action df the 
teeth on each other. Indeed, in any single 
pair of wheels, of whatever fortti or con-i 
struction^ the tendency to bresk or benid 
the shaft, or cause friction, is the 6ame as 
the action of the teeth on each other. 

Now, if the above wheels were m^de of 
a double size, it is evident that the acting 
power on them would be only one half, 
and consequently, one half of the strain to 
break the shaft or cause friction.* 



; • • . . . • J 

* The object of this remark is, apparently, to show 
the superiority of large wheels ; but it is clear that thie 
acting power would be the same with the same fii-st 
mover 5 and if the resistance be diminished on one shaft, 
another must be added to give the proposed velocity to 
the working point. (Ed.) 
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|140. In the case of an interveniDg 
ieel, the force or tendency to break Uie 
t depends on the situation of such in- 
kening wheel. Thus, if it be placed in 
prect line betwixt the centres of the con- 
ed aud conducting wheels, as at A, 
bs, the sh^fc or gudgeon will tend to 
in the lin6 a b or ba, (according to 
Krectionofthecoodpctor,) with double 
brce of the action of the teeth. 
^he axis of the intervening wheel form 
kht angle with the axis of tl^ other two 
IbIs, the force to break the shaft will be 
Bat of a pair of single wheels, or the 
bn of the teeth on them, as the diagonal 
laquare is to'qne of its aides. That is, 
il-ection of the force, and its intensity, 
r,be represented by the dlagooaU. it 
Itg evident, from the well-known laws 
mechanics, that by the actioa of the 
Iheel B, Fig. 4, No. 1, the centre of the 
Jtervening wheel A, would tend to move 
the line ac, and by its action in the 
Iheel e, it would tend to move in the line 
B d. Let a d and a c represent the forces 
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in these directions, complete the square or 
parallelogram, the diagonal of which will 
both represent the force and its direction. 
See also Fig. 4, No. 2, and No. 3. 

141. On the other hand, if a wheel be 
placed betwixt two others, ^s A, Fig. 3, 
where A is the conductor, the teeth of 
which acts with equal force on each of the 
wheels B and C, it is evident, that the strain 
is wholly taken off the shaft, the forces 
being equal and opposite each other * ; and 
in Fig. 5, where A is supposed the con- 
ductor, and B and C the conducted wheels 
on which the teeth on each bear equally, — 
it is plain from what has been already stated, 
that the direction of the forces will be da 
and a c, and letting a d and a c represent 

* The shaft Qught not, however, in any case, to be 
entirely freed from pressure in this manner ; because 
its motion will not be so steady and regular as when 
there is some considerable pressure on the gudgeons^ 
And since there is nothing more injurious in machi- 
nery than a hobbling, unsteady motion, this point re- 
quires the Engineer's most careful attention. (Edjt 
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the direction and intensity of these forces, 
and completing the parallelogram, we have 
the diagonal ab to represent the compound 
direction and intensity of the force. 

142. There is another point that is wor- 
thy of attention : that is, the place on 
the shaft where the wheels are fixed. If a 
wheel is put on at the end of a shaft to 
drive any other or others, it is clear, that 
the whole or nearly the whole of the stress 
will be at the end of the shaft or journal. 
If the wheel be placed in the middle of the 
shaft, the strain to break it will be greatest 
at that part, but the force will be resisted 
equally by each journal. Indeed, on what* 
ever part of the shaft a wheel is placed, at 
that very place is the greatest (cross) strain 
on the shaft, and the force on each journal 
will be in the inverse ratio of the distance 
of the wheel from the ends of the shaft. 

In Fig. 6, let A represent a shaft, either 
upright or lying. If a single wheel, as B, 
fixed upon it, drive two pinions, as C D, 
directly opposite to each other, the shaft 
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or journal will not be a[£fected thereby,* but 
if two wheels are placed on the shaflt, dri- 
ving each a pinion as in Fig. 7$ both jour- 
nals will be aiSected, and the greatest strain 
to break the shaft will be at the arms of 
the wheelf or close to them, and betwixt 
the arms and journal. In this case, the 
middle point of the shaft, as at A, being 
in a state of contrary pressure, and there^ 
fore no strain on that part, it may be coor 
sidered as a lever on each side of A ; this 
being the fixed point, and the greatest 
strain on the shaft being at the wheeU. 
The strain on the journal will be inversely, 
as the distance of the wheels from the 
middle point A, it being understood that 
the wheels, pinions and resistances are all 
the same. 

143. Again, if two wheels are placed on 
a shaft, and two pinions, both on the same 
side of the shaft, the journals must support 
the strain or force of the action of the teeth 



* See note to Art. 141. 
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of both wheels, or indeed whatever num- 
ber of wheels is on a shaft ; and working 
into pinions on one side, the journal of that 
shaft must support a pressure equal to the 
whole of their action into the teeth of the 
wheels or pinions into which they are cou- 
nected; and the strain on the shaft to 
break it, depends on the situation of the 
wheels, as they may be placed on the 
shaft: it being understood, as formerly, 
that directly at the place where the wheels 
or pinion js fixed on the shaft, that it must 
support a pressure equal to the pressure of 
the teeth of the wheel in its corresponding 
wheel OP pinion. And according as these 
pressures combine, or act in a contrary 
direction to each other, so must the strain 
on the journals, ol* tendency to break or 
bend the shaft be. 

Hence the importance of placing wheels 
and pinions, so that their actions on ^ach 
other may be in contrary directions, or so 
as to avoid, as much as possible, the strain 
on the shaft or journals. 

T 



274 ON. THE SHAFTS [essay ii, 

144. In lying shafts, where circumstances 
may require, it may be advisable to have 
the main or heaviest shaft on the lift of the 
wheels, as this will take off a considerable 
deal of their weight or friction on the 
journals. The other shaft will naturally 
be on the fall of thfc wheel, (which is sup- 
posed in this case much lighter than on 
tlie main shaft,) and will be prevented 
from jolting upwards, from both its own 
weight, and a pressure equal to that on the 
teeth of the wheels, being supported by 
the journals. It being evident that what- 
ever the wheels are, that the same pressure 
that is on the teeth- of the wheels will be 
equally the same on both shafts, the one 
tending to increase the weight of the shaft 
on the journals, and the other to diminish 
it. 

145. In the course of my business, 1 
have made several observations on the fore- 
going subjects. Twenty years ago, a case 
of this nature occurred, of considerable im- 
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portance, at the flour mill erected near the 
Slitt Mills of Patrick. The water wheel, 
16 feet diameter, makes about 10 or 11 
revolutions per minute, driving, in general, 
two pair of stones ; the pit wheel about 6^ 
feet diameter. The consequence was, that 
the machinery, framing, &c. were not of 
sufficient strength to bear the force applied 
by the pit wheels, (though they were very 
strong, and well executed for ordinary 
cases,) the shaft, framing, &c. was in a 
high state of tremour^ the machinery work- 
ing in a rough and straining manner, and 
the wooden teeth (5 inches broad, pilch 
about 4i) could not stand for any length 
of time. The mill was altered, by enlarg- 
ing the pinion, to let the wheel run at 14 
or 15 turns per minute ; and I believe the 
pit wheel enlarged about one foot di- 
ameter ; afterwards the mill wrought very 
well. 

In common corn-mills, and many others, 
there is a great deal of the impelling power 
lost by the smallness of the pinions, &c. 
which causes a great friction on the shaft 

T 2 
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or spindle, as well as by the friction of 
the teeth. Were both wheel and pinion 
encreased in diameter, much advantage 
would arise, not only in saving of power, 
but in the tear and wear of machinery. It 
is on this account that a corn mill, con* 
structed in the double way, other circum- 
stances being the same, performs much 
more work than in the single way. 

146. In short, more things of this nature 
take place in machinery, than the most of 
operative mechanics, or even philosophers, 
are aware of; and I firmly believe, that, 
with a knowledge of the affecting causes, 
a vast deal might be done in saving power. 
For example, in a cotton mill, the main 
shaft generally makes from 40 to 50 revo- 
lutions per minute. Let the weight of the 
shafts and machinery, the size of the jour- 
nals, and the effect of the wheels on these 
shafts, and friction of journals, be taken 
into the account, on the one case, and Jet 
the main shaft be supposed to be reduced 
to half of the former velocity, that is, from 
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20 to 25 turns per minute, and let the 
strength of the shaft, together with a due 
proportion of wheels, be augmented, so as 
to preserve the same firmness in every 
part of the machinery as in the former, 
and that the ultimate part of the machi- 
nery may be brought to the same speed as 
formerly, it will be found on investigation, 
that in the last case there will be a con- 
siderable saving in the first, or impelling 
power. 

It must not be lost sight of, that, by 
reducing the velocity of the main shaft, 
that a judicious increase of the diameters 
of. the wheels thereon is absolutely neces- 
sary. Indeed, without strict attention to 
matters of that kind, the effect of any 
alteration that may be proposed or made 
is very precarious. A due regard to the 
proper diameter of wheels, according to 
the work they have to perform, is a matter 
of very great importance; and it will be 
found, on general inquiry, that in most 
cases of machinery, it would be prudent 
to have the wheels and pinions of large 
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diameter; and, as I said before, by en- 
creasing their size^ the force, strain, and 
friction on the shafts and journals are 
diminished in the same ratio. 

Suppose, in a mill, that a range of lying 
shafts, of 80 or 100 feet long together, 
with wheels, &c, fixed on them, weighed 
TOOQlbs; thie journals 4 inches diameter, . 
making 46 turns per minute; the surface 
of the journal would at that rate move at 
about 50 feet per minute : and supposing 
that the friction was equal to one third of. 
the weight, we should have 7000-J-3 =2333 x 
50=116650-^44000=2-66; that is, nearly 
24 horses' power expended in overcoming 
the friction of these shafts,* 



* That is, valuing the horses* power at 440001bs. 
1 foot per minute. See Essay on Teeth of Wheels, 
Art. 79. 

The quantity of friction is much over-rated, but the 
loss of power would be very considerable on the lowest 
estimate; and therefore, the proper situation for the 
first mover in a system of machinery is of some im- 
portance. (Ed.) 
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Again, were these shafts and journals 
extended to 5 inches diameter, and their 
number of turns reduced to one half of 
the former; that is, to 23 turns per minute, 
the surface of the journal would move at 
the rate of 31 feet per minute, and the 
weight of the wheel and shafts encreased 
one half, or say, to 10,0(X)lbs. we should 
have 10,000 ^ 3 = 33.33 x 31 = 103323 -*r 
44.000=2-348, that is, nearly 2* horses' 
power ; so that in this last case there 
would be a saving of something more 
than three tenths of a horse's power, and 
the machinery would be, in every respect, 
improved. 

147. In a horse-gin, where a pinion is 
driven by a toothed wheel on the gin, the 
friction, or strain on the journals, depends 
on the situation of the horse-beam ; at any 
moment of lime when the lever or horse- 
beam is above or below the pinion, the 
friction on the shaft will be the least, and 
when in the opposite direction, the friction 
and force on the shaft will be the greatest^ 
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and the general friction will be as the size 
of the main wheel ; that is, the smaller the 
main wheel is, the friction and force on 
the shaft will be the greater, and the larger 
this wheel is, the friction, &c. will be the 
less ; it being understood that I mean the 
friction or strain on the gudgeon, or axle, 
on account of the re-action of the teeth of 
the wheel, and not the strain on the shaft, 
to twist it, iior any other frictibn or strain 
whatever, 

148. In a water-wheel turning macbin* 
ery, in many cases, it is most advisable to 
have the toothed wheel of the same dia- 
meter. In this case, whatever power or 
force is applied to the wheel, the same 
must be resisted by the teeth of the wheel; 
and it also follows, of course, that what- 
ever is the size of the wheel, or pinion 
which is driven by the main wheel, that 
the very same strain is on the shaft ; that 
is, the same as on the teeth ; and the shaft 
must be sufficiently strong to withstand 
the pressure. But another circumstance 
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occurs, that by increasing the size of the 
pinion, there must necessarily be increase 
of the diameter of the shaft to withstand 
the twist. The shaft by no means, how- 
ever, keeps pace with the augmentation of 
the wheels, but is only as the cube-root ; 
for instance, a water-wheel of 16 feet dia- 
meter would work very ill into a pinion of 
12 inches, suppose its shaft or journal to 
be S inches diameter. Again, let the 
pinion be increased to 2 feet diameter, a 
shaft of Si inches will be as sufficient to 
withstand the twist, the friction on the 
journals will be much less, and the strength 
to resist the strain will also be much in- 
creased. I do not see how general rules 
can be laid down with accuracy in these 
things. It is the particular circumstances 
of the case that will guide a mechanic in 
the construction of any piece of machinery ; 
and if he be not well acquainted with 
these, it cannot be expected that his 
schemes will be well arranged. 

The above observations are no doubt 
at variance with the opinions of those who 
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are continually holding up the simplifi- 
cation of machinery. Instance Mr. Fen- 
wick's " Essay on the Simplification of 
Machinery.'"* In many cases it is prudent 
to make machinery of a more complex 
nature than it is sometimes constructed ; 
and in order that it may be easier driven, 
that the tear and wear may be lessened, 
as Veil as the ultimate expense and trouble 
of attending it. 

The foregoing are only a. few general 
hints. To go minutely into the subject 
would require more time and thought than 
I could at present bestow; but if any thing 
is in them from which you may draw any 



* The maxims of Mr. Fenwick consider friction only, 
and are so far correct; bift the wear and tear, and 
friction of teeth he has not taken into account. His 
6th maxim, that " Small wheels are equally as gene- 
rative as Jarge wheels, if the san}e ratio of size be pre- 
served/' is true only within certain limits, (see Art. 28.) 
but these limits being assigned, his other maxims hold 
till the stress on the moving parts is less from a greater 
number of small wheels, than from fewer large ones. 
(Ed). 
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useful inference, it will be very agreeable 

tome. 

I am, Sir, 

Your's respectfully, 

JOHN ROBERTON.'* 

Tradesloum, Glasgow, 
Sept. 1^, 1809. 

149. In the essay to which Mr. Rober- 
ton in the foregoing letter alludes, Mr. 
Fenwick infers, (p. 64.) that " the most 
perfect machine is that which operates with 
the fewest moving parts/* But Mr. Fen- 
wick seems to have been misled here by a 
desire to generalize. Simplicity is, no 
doubt, a most desirable quality in a ma- 
chine, provided it can be obtained without 
making a sacrifice of power or of durability. 
A sledge has fewer moving parts, and in 
that sense is more simple than a wheel- 
carriage, yet no one with truth could say 
that a sledge is more perfect.* 

* The Essay by Mr. Fenwick here alluded to, is 
wholly confined to the application of wheel- work; 
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Nor, perhaps, does the simplicity of a 
machine, consist strictly in having few 
moving parts. If the parts of a machine 
be few, they are perhaps more easily 
taken in by the eye at one view, which 
may make them more easily compre- 
hended by the mind, and in. that sense be 
more simple. But in machinery, the kind 
of simpHcity at which we ought to aim, 
has more regard to the manner of action 
than to the number of the moving parts. 
Thus, for example, when a weight is to be 
raised, if one wheel worked by a screw be 
employed, the machine consists of fewer 
parts than two wheels and two pinions, 
applied to the same purpose. But in this 
last case, the manner of action is really 
more simple ; for the action and resistance 
are directly opposed in the same line; 
whereas, in the case of the screw, the 
action is oblique, and experience shews 



consequently the remarks in this and the following pa- 
ragraph are not applicable to his £ssay. (Ed.) 
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that it has much more friction, and much 
less durability. 

What is here said of manner of action is 
applicable in comparing machines, con- 
sisting each of trains of wheels and pinions ; 
for the most durable, by longest maintain- 
ing the true figure of the teeth, will ulti- 
mately be the most simple in the manner 
of its action. It is evident, that when the 
teeth become much worn, that the manner 
of action becomes proportionably more 
oblique and less simple. 

Respecting the durability of the wheel- 
work of mills, I beg leave to refer the 
reader to my Essay on the Teeth of 
Wheels, Ess. I. Art. 73. • 

[A. 149.] It can be of very little use to 
give rules for the diameters of gudgeons, 
or for the strength of shafts, unless they 
be accompanied with some method of 
estimating the straining force. Our author 
has not touched upon this part of his sub- 
ject; and therefore I have inserted Mr* 
Roberton's letter in this place, in view 
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that the information it conveys, respecting 
the stress on shafts and gudgeons, may be 
studied in its proper order; and some 
additional inquiries I shall add in these 
articles. 

Let A B, Plate [IV. A.] Fig. 4, represent 
B. shaft, with one wheel at D, and another 
at C ; these wheels being of any size whatr 

ever. If a power act upon the wheel D 

• 

at the point P, and the resistance be at 
W, the stress arising from these forces will 
cause a pressure on both the gudgeons ; 
and the line W P being drawn, cutting the 
axis at some point E ; the stress upon the 
shaft and gudgeons will be the same as if 
a force equal to the power and resistance 
together, were applied at the point E. 
Hence it is clear that when the. wheels 
differ considerably in size, the gudgeon 
next the smaller wheel will have to sustain 
the greater part of the stress. 

[B. 149.] But if the resistance were at 
Wj the power and resistance in this case 
being at the same side of the shaft, the 
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pressure will be downward on one gud- 
geon and upward upon the other. For 
the descending power P is resisted by the 
support of the gudgeon at A, and by the 
resistance at w ; but the power not falling 
between these points, it will tend to raise 
the gudgeon B. 

[C. ;1490 Again, if the resistance be at 
the point C on the upper or under side of 
the wheel C, the pressure at the gudgfeon 
B will be wholly in a lateral direction ; 
consequently when the impelling power 
moves with the wheel, the stress on the 
gudgeons will vary considerably both in 
intensity and direction. 

If the plan of the shaft and wheels be 
drawn to a scale, it will be easy to compute 
the pressures in these different cases, and 
to compare them ; and perhaps a young 
mechanic will feel some pleasure in such 
comparisons, where he would have been 
fearful of engaging with a mass of algebra. 

Case 1. The power and resistance being 
at opposite sides of the shaft. Draw 



USB ON THE SHAFTS [essay h. 

the line A B in the middle of the shaft, and 
also draw the line W P. Then to find 
the stress upon the gudgeon B, we shall 
have AB : A£ : : power added to the 
resistance : stress on the gudgeon B; or 

^^ ^ =the stress upon the gudgeon B. 

Also A B : B E : : power added to the 
resistance : stress on the gudgeon A= 

BEx(P-f-W) 
AB 

Case 2. The power and resistance being 
at the same side of the shaft. Draw the 
lines* A ti^ and PB which cut one another 
at F. Then, the line P B may be con- 
sidered a lever with its fulcrum at F ; and 
to* find the stress necessary to keep the 
gudgeon B down, we have BF : PF : : 

PF X P 

power at P : stress at B=-gp-.= the stress 

on the gudgeon B. This stress will obvi^ 
ously be opposed to the weight of the 
shaft and wheels. Also, AF : wF : : the 
resistance at w : stress on the gudgeon at 

A,= ^p , This stress will be to add to 

the stress from the weight of the shaft and 
wheels 4 
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Here it may be remarkedv that it is 
desirable that the greater pressure on any 
gudgeon, should always, when convenient, 
be in the direction of gravity, to prevent 
the unpleasant jdts which take place when 
the machine is put into motion, when the 
pressure ia upwards upon any of the gudr- 
geons. 

[D» 149*] But the preceding cases sup- 
pose that the power at P and the weight 
jMT resistance at W, are parallel, they are, 
liowever, pften oblique in respect to' one 
another. Let Br ]Fig« 5, 6, and 7> on a pla^ 
of such wheels, be the axis; let P be that 
point in the circumference of one of them 
?vhere the power acts in the direction D P ; 
fiqd let W be the point where the resistance 
acts in the direction D W. Then B £ will 
b^ the direction of the stress upoii the axis, 
and if Dc be madp proportional to the 
resistance i or. D b proportional to the 
power; aiid if the parallelogram Dcab 
be completed, a D will ,be proportional to 
$he whole stress upon the axis, which is 

u 
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obviously greatest in Fig. 5, and least in 
Fig. 6. Now, make cd perpendicular to 
DE, then Dc? is the pressure on the axis- 
caused by the resistance at the circumfe- 
rence of the lesser wheel; and ad wiW be- 
the pressure on the axis from the power at 
the circumference of the large wheel. But • 
it must be remarked, that when the direc- 
tion of the stress on the axis falls between 
the direction of the power and that of the 
resistance, as in Fig. 5, and 7 ; the whole 
stress will be either in the direction DE, 
as ifi Fig. 5, or ED as in Fig. 7> and pro^ 
portional toDa. Whereas, if the directions 
of the power and resistance be both on the 
same side of the axis, as in Fig. 6, D ^ will 
be the pressure on the axis at the place of 
the small wheel W, in the direction ED, 
tending to raise the axis; and da the pres- 
sure on the axis at the large wheel P, in the 
direction D E j or opposite to the pressure 
at the wheel W ; while a D is the difference 
between these pressures, shewing the whole 
tendency of the axis to rise. 
The figures are all drawn to the same 
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size, and the power and resistance being 
represented by equal lines in each figure, 
the advantage or disadvantage of any par- 
ticular construction will be seen byin^ 
spection ; and the reader may easily mul- 
tiply examples, by drawing more figures. 
' The relation and intensjty of the pres- 
sures might have been shewn in a more 
elegant manner by the arithmetic of sines, 
but perhaps not so satisfactorily c' to the 
minds of most of my readers. And when 
the rule and compasses are in the hand, 
the relations are more easily, and with less 
risk of mistake, ascertained by drawing the 
wheels and axis as shewn in the figures ; as 
it merely requires a little knowledge of the 
composition and resolution of forces. 

Thus, make D c, from a scale of equal 
parts, equal to the number of cwts. in the 
resistance at W, and make a c parallel to 
the power P D, and c d perpendicular to 
D E. Then D d, measured from the same 
scale, is the stress at the centre of the 
wheel W in cwts. and ad the stress in 
cwts. at the centre of the wheel P. 

u 2 
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The stress from the resistance and power 
being determined, that which is caused by 
the weight of the shafts and wheels them»- 
selves will be easily calculated. See Art 
181 and the following articles. (Ed.) 

The case of lateral stress being the most 
simple, I shall, in the first place, examine 
it, confining for the present our attention 
to the gudgeons only. The bodies of 
shafts will be afterwards considered. 
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CHAP. 11. 



SECTION I. 

Of the Strength of Gudgeons^ &here the 
Stress is produced by lateral pressure only. 

150. The gudgeons having all the weight 
on the shaft to support, ought to be made 
sufficiently strong for that purpose ; while, 
to avoid unnecessary friction, they should 
be made as small in diameter as possible, 
consistently with sufficient strength and 
durability. 

When we are able to determine Ihe dia* 
meters of the gudgeons, or journals, this 
serves as a foundation for the proportions 
of the other parts of the shafts. 

Although wrought iron will bearagreater 
weight than cast iron, yet cast iron being 
not only cheaper, but much more easily 
formed into convenient shapes, gudgeons 
are now most commonly made of that ma- 
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terial. We shall, therefore, in the first 
place, confiDe our attention to the dia- 
meters of gudgeons made of cast iron. 
Here it may be proper to state the follow- 
ing proposition : 

151. Prop. I.— Solid cylinders of the 
sapie length have their lateral strength as the 
cube of their diameters^. 

That is, if a gudgeon of two inches be 
sufficient to support a certain weight, a 
gudgeon of four inches will support eight 
times as much. 

From this law, it is evident, that were all 
gudgeons made of iron, of the very same 
quality, knowing the strength sufficient, 
in any one case it would be easy to cal- 
culate what it should be in any other case, 

* See Emerson^s 4to. edition, prop. 67, cor. 2. 
Gregory's Mechanics, vol. T. art. I7O. cor. 3. There 
is, probably, a typographical error in Dr. Brewster's 
edition of Ferguson's Lectures, vol. II. p. 24. where it 
is said, ^^ The diameter of the gudgeon must be propor- 
tional to the square root of the weight which it sup- 
ports." 
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But as .there is a great variety, in point 
of strength, in different kinds of iron; 
Welch castriron, for instance, being 
stronger, as some think, by one ' fourth, 
than that niade in Scotland, it* is prudent 
to calculate upon the weakest. Mr. Banks 
observes,* that, " Iron is much more uni- 
" form in its strength, than wood ; yet it 
*' appears that there is some difference in 
*^ different kinds of ore, or iron-stone ; there 
" is also a difference from the same fur- 
" nace, perhaps owing to the degree of 
*' heat which it has when poured into the 
'' mould.*' 

K 

r 
1 

, [A. 151.] The strength of a gqdgeon 
is hmited by the strain it will bear without 
permanent derangement of its structure, 
for the length is always so small in regard 
to the diameter that the flexure will be, in 
all practical cases, insensible. 

The calculated stress should include 
every kind of force acting on the axis or 

■ ,' . . f Banks's Power of Machines, p. 94. 
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shaft; and the diameter ithould be detiE^r- 
mined ) so that th6 gudgeon wolf Id b6 ca- 
pable of resisting the whole strles^ if it were 
thrown u{>on the extreme point of its bear^ 
ing^Me Art* iM.) 

"Whbn W ia the utmost amount of the 
stress incwb* and / the length of the giid* 
^e6n in inches, from the shouldier to the 
extreme point of bearings it is shefrn (Es- 

say on Cast Iron, Art. 138.) that <^*^^^><-^Q* 

:*: d^ the diameter of the girdgeon in inbh.es. 
Of> 0-42 (W /)* « d. 

[B. 151.] But an allowance should be 
Aid:de for wear, which will be nearly di- 
rectly as the stress, and inver^ly as the 
length df the gudgeon's bearing; conse- 
quently the length of the gudgeon should 
be greater in the same ratio as the stt^ei^ is 
greater. And till some mbre ctertaih prib-r 
ciples 6f prOportidAing thfe gudgeons df a 
machine so as to be of equal duratit^n shall 
be found, we may allow one fifth of the 
diameter as. a provision against w^at where 
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no gritty substance is likely to affect it, 
and ota6 thkd in yi c&sgs Wher^ th^ gi^ti^ 
gt^ons a^e ^i^osed td gritty ftiAtteris. 

Rule. — In the former case, the rule will 
becdme 0'5(W/)**<?. That h, multiply 
the stress id cwts. by the length of the gud-^ 
geoh in inches, and the ciibe roet of the 
product being itiultiplied by 0'5, will give 
the diameter of the gudgeon ill inches. 

When a gudgeon is likely to wear much 
from the nature of the machine or its par^ 
trculair situation, multiply the cube root of 
the product by 0'6, instead of 0*.5; Gud- 
geons of water-wheeb may be included in 
the class which are exposed to considerable 
w^ar. 

If the stress oh tthe gitdgtebta be equal 
to the weight of the wheel, and the wheel 
be at tfee tnidd!e point, that patt of the 
strfess which is produced by the action of 
the tooving power and resistance, thust be 
^nsidered eqUkl tb half the weight of the 
#hed ; for only- half the weight ivill bear 
6h one of the gudgeons ih this ca^e. J8ut 
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it often happens that the wheel is consider- 
ably nearer to one bearing than the other, 
and in such cases, the rule of the author 
would be likely to mislead. 

Since our author has given it. as a ge- 
neral principle, that the diameter of a gud- 

ft 

geon should be equal to the cube root of 
the weight supported in cwts. it wiU be, de- 
sirable to compare our rule with that prin- 
ciple; first assuming that the .weight, is 
actually equal to the stress upon the gud- 
geon. Now in that case, the rules will be 
the same when 0*5 /* =1, or / = 2* = 1-26. 

— v = 

1"185 inches. Therefore whenever the 
length of the gudgeon exceeds about 1^^ in- 
ches, the rule gives the diameter too small. 
Again, if we take the actual stress to be 
only half the weight of the wheel in cwts. 
which is clearly in all cases less than the 
real stress, the above numbers should be 
multiplied by the cube root of 2. which 
will show that the author's rule becomes in 
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defect again when the length eiceeds 1^587 
inches. (Ed.) 

^ • • • 

I shall proceed in this inquiry, on prin* 

ciples similar to those which I have followed 
in my Inquiry respecting the Strength and 
Durability of the Teeth of fVheels^ namely; 
by taking a number of cases from millwork 
in actual use, and drawing inferences from 
them. This method of making inferences, 
by collecting and arranging facts respect- 
ing mill work, I consider as being much 
more safe and useful, than founding caU 
culations upon experiments, often made 
on a small scale, and under circumstances 
very different from those which occur iii 
practice with machinery. I shall begin 
with considering the gudgeons of water- 
wheels. 

SECTION II. 

Of Gudgeons of Water-wheels. 

• 152. In the following table, water-wheels 
of various weights are collected, and the 
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diameters of the gudgeons in actual use, 
stated . The weights of the cast-iron ^rheeb 
were found, from the weight of the castings, 
&c. of \vhich they are composed. The 
wooden wheels are estimated^ making al- 
lowance for thd wood bebotning heavier bj 
being soaked in water. 1 am aware, ho^* 
ever^ that besides the mere weight of the 
wheel, other circumstances shotild be taken 
into account,* such as the weight of water 
in the buckets, and the pressure brought 
oh the gudgeon by the resistance of the 
work, (&c. But I shall follow the general 
fesult of those cases only, in which the 
gudgeons have been found sufficiently 
strong, and, I apprehend^ that those ex* 
traiieous causes on the one hand, will not 
affect out* r-ules more thah the different 
qualities of cast iron will the strength of 
gudgeons on the other hand.f 

* See fincyclopedia Britannica, article Rotation. 

t Tliese remarks render it necessary to say a few 
words on rules founded on empirical principles, and 
particularly tvhen the circumstances are not minutely 
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The water-iwheels in the table were all 
in the middle of their respective shafts. 
Both gudgeons of each wheel had, there- 
fore equal stress. 

163. Description of the first Table of Gud^ 

geons of Water-^wheels. 

Column 1 contains letters to distinguish 

the wheels. 

detailed for those cases on which the rules arc 
founded. 

The rule for the strength of gudgeons in the text, 
supposes the stress to be always pi^oportional to the 
weight of the wheel, but this supposition scarcely ever 
corresponds with the jtrntb i consequently, i^ the cited 
practical cases, if the stress was not the greatest possi- 
ble, in regard to the weight of the wheel, and the me- 
tal of an inferior quality, this rule m^y lead us into 
serious errors. But the practical cases are not de^ 
scribed, and therefore we cannot judge from apy thing 
in the text, of the safety of the rule. 

When a rule is to be formed by any process, every 
cause of stress should be considered, and where sim- 
plicity is desirable, the stress should be represented by 
a quantity which is certain to equal it, even in an ex-. 
treme case. We cannot err greatly, if the error be al- 
ways on the side of strength. (Ed.) 
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Column 2 Shews the material of which 

the wheel is made. 

3 The diameter in feet. 

4 The width in feet. 

5 The kind of wheel. 

6 The diameter of the gudgeon ia 

inches. 

— -! 7 The weight of some of the 

wheels, in tons and cwts. 

8 The weight of some of the 

wheels, in cwts. and qrs. 

9 Contains the cube root of the 

weight. 

r 

The use of this column is- to compare 
the several gudgeons with the law con-, 
tained in Prop. 1. For, were all the gud- 
geons duly proportioned to the weight 
they have to sustain, they would be to one 
another as the cube roots of their weights. 
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i 

Observations on the first Table of Gudgeons. 

154. Particular care should be taken 
that the axis of the gudgeon he exactly in 
a line with the axis of the shaft which it 
supports, otherwise the motion will be 
unequal, and at one part of the revolution 
the stress will be thrown to the point of the 
gudgeon ; this would endanger its break- 
ing, more particularly if very long, though 
otherwise sufficiently strong.^ In the case 
H, we have an instance of a gudgeon break- 
ing, from being made too long. In prac- 
tice it is a good method to turn the gud- 
geons of a wooden shafts after they are 
fixed in their places, a second time, in or- 
der to render them quite true. 

155. From comparing the diameters of 
the gudgeons (column 6) with the cube 
root of the weight in cwtjs. of the wheel 

* The possibility of such a cause of failure should be 
guarded against in proportioning the strength of a gud- 
geon. Se^ Art. [A. 161.] (Ed.) 
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(col. 9,) it will be found that they approach 
one another. In other ' words, the cube 
root of the weight in cwts. is nearly equal 
to the diameter in inches. In thQcase C, 
the gudgeon broke, only from being a bad 
casting, although it is smaller in proportion 
to its weight, than most of the other cases. 
Since it was renewed of the same size, it 
has continued to support its work. When, 
therefore, we can ascertain the weight of a 
water-wheel, we have a very simple rule 
for finding the diameter which the gudgeon 
ought to have. 

'.■•or*,'' ' •■ 

• •• . c f ( r » ■■ 

RULE- I. \ vv^^ • 

156. The cube root of the weight of a water- 
wheels in hundred weights j is nearly equal to 
the diameter in inches of a cast-iron gud- 
geon sufficiently strong to support such 

wheel.* 



* In water-wheels; the stress is not J)roporti6nal to 
the weight of the wheel. See .note to Art. 151^ where 
a rule on more correct principles is investigated. Also 
see note to Art. 152. (Ed.) 

« 

X 
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I say neor/^t it bcdog evidently most, 
prudent to nlake the gudgeon a little moce 
thap less. in. diameter, and to make allow-* 
ance for wearing. 



:EX AMPLE. 



Suppose a water-wheel to weigh 12 tons, 
cwt. 3 qrs. what ought to he the dia- 
meter of a cast-iron gudgeon, sufficiently 
strojig to support the wheel ? 

12 tons *= 240 cwt. 3 qrs. . ; 

The cube root of 240.3 = 6.221 Answ, 
That is, the diameter of the gudgeon 
should not be less than 6.tV diameter. It 
ought to be rather more,' to allow for wear- 
ing, &c. See B, in the first table of gud- 
geons. 

157. As the weights of wooden , water- 
wheels cannot be accurately known, with- 
out a good deal of calculation, it is desi- 
rable to have some more ready method 
for practical purposes. 

The weights of overshot, or bucket wa- 
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ter-wheels, will be to ' ond midther nearly 
as their circumfereDCds, or diameters wbd^ 
breadth. — I say. ncar/y, because the arms 
will make large wheels heavy in rather a 
greater proportion. Hence the following 
rule is formed on the 'direct proportion 
of the sole and buckets adding one-half 
of the diameter increased in the duplicate 
ratio or square of the diameter. 



RULR It. 

For wooden uuater^tbheels^ muhiply the 
diameter in feet bj/the width also infeHtyto 
which add the square of half of the diameter. 
The cube root of the sum will be nearly equal 
to the diameter of the gudgeon in inches. 



EXAMPLE. 



Suppose a wooden water-wheel 12 feet 
diameter and 7 feet wide, (see E in Table 
II of Gudgeons.) 

X 2 
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12 X 7 = 84 

The square of 6 = 36 

120 = the cube root of 
which = 4.932424; that is the gudgeon 
should not be less than about 5 inches 
diameter. 



Explanation of Table II of Water Wheeh. 

158. All the columns, except No. 10, 
are the same as in Table J.* The column 
10 shews the result by Rule II. 

* Inihese tables tbe weight of the wheel B is dif- 
ferent 1 suppose the first table to be the correct one^i 
but the difference is inconsiderable. (Ed.) 
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SECTION III. 

Of Cait^iran Gudgemi for various Pur- 
poses. 

15&. Taking it for granted that the cube 
root of the weight of a water-wheeil, in 
huijidred weights, is nearly equal to the 
diameter in inches of a cast^ron gudgeon, 
sufficiently strong to support such wheel, 
the following table of the diameters of gud- 
geons, and the weights which they may 
be supposed to sustain, is formed. It 
may be pf use for finding the diameters of 
journals in all cases of stress arising from 
lateral pressure, such as grindstones, inter- 
mediate spindles, &c. where the pressure can 
be ascertained, as well as water wheels.* 

Explanation of the Table of Cctst-iron Gud- 

georts. 

160. Column 1 contains the diameter in 
inches, from 1 to 11 inches* 

* See Art. [B. 151.] 



B8SXY II.] or MILLS. 811 

Column 2 contains the cube of that dia- 

meters or the hundred weights 
which the gudgeon may sustain. 

N. B. I have already remarked, (Art, 
156,) that it would be most prtid^nt to 
make the gudj^on a little more in diameter 
than the cube root of the hundred weights. 



Table qf CasUiron Gudgeons. 



. Diameter 
ki kicheti 


Cube of Diameter, or 
cwts. which the gud-. 


Diameter 
ifci inches. 


* 

Cub« of Diameter, or 
cwts. Ivhich the^ gad- 


' > • . * ' 


geon may sastain. 


• 


geon may sustaip. 

* 


. u 


li 


6.25 


244.140625 


1.^5 


1.^53 1«5 


6.5 


274.625 


15 


3.375 


6.75 


307.546876 


1.75 


5.359375 


7. 


343. 


2. 


8. 


7.25 


381.078125 


2.25 


11.400625 


7.5 


421.875 


2.5 


15.625- 


7.75 


465.483375 


2.75 


20.796875 


8. 


512. 


3. 


97. 


8.26 


&61«516626 


3.25 


34.328125 


S.5 


614.125 > 


- 3.5 


42.675 


8.75. 


d69.921875 


3.75 


52.784375 


9. 


729. 


• 

4. 


64. 


9.25 


79L4B3125 


4.25 


76.765625 


9.5 


875.375 


4.5 


91.125 


d.75 


926.8&9375 


4.75 


107.171875 


10. 


1000. 


5. 


125. 


10.25 


1076.890025 


5.25 ' 


144.703145 


10.5 


1167.^25 


5.5 


166.375 


10.75 


1242.296875 


5.75 


190.10937 S 


U. 


145*. 


6. 


216. 


« 


. ■ ' ■ . 



!■ " 
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Use of the Table. 

EXAMPLE I. 

16 1. Suppose a cast-iron gudgeon of 5^ 
inches .diameter, what weight of a water-* 
wheel would it.be capable of sustaining ? 

In the first column find 5.75. X)ppo« 
site to which will be found 190.109375 
hundred weights, which is rather more 
than 9i tons, which is the answer. But 
in practice, it would . perhaps be prudent 
not to load this gudgeon with more than 
nine tons. 



EXAMPLE II« 

Suppose a grindstone weighing 15i hun- 
dred weights, required the size of a gud- 
geon sufficient to sustain this jveight. 
Look in the second column for the nearest 
weight to that given, which will be fo«und 
to be 15.625, opposite to which, in the 
first column, is 2* inches, the diameter of 
the gudgeon required. 



/ ■ 
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But in practice the spindles of grirtd- 
stones are commonly, of wrought ironi 

4 

which metal I shall presently consider as 
applied to gudgeons. / 

SECTION IV, 

Of Malleable or Wrought-iron Gudgeons. 

162. Professor Robison states,* Ihat the 
cohesive force of a square inch of cast iron 
is from 40,000 to 60,000 lb. wrought iron 
from 60,000 to 90,000 lb. 

In the year 1795, 1 had occasion to sub* 
stitute cast-iron gudgeons for those of 
wrought iron, and made some experiments 
on those metals, from which I drew the 
following inference : that gudgeons of the 
same size^ of cast and of wrought iron in 
practice^ are capable ^ at a medium^ of sus- 
taining weights without flexure^ in the propor- 
tion of 9 to 14.-f 

* Encyclopedia Britannica> article Strength of Ma- 
terials, 40. . 

• t According to my experiments, the stiffness of good 
east-iron is to that of good English malleable iron as 
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Taking it for granted that this ptopor- 
tion is near the truths we may find the 
diametier which aay wyoaght-iroti gudgeoa 
ought to have when iter* lateral pressure is 

given, in the following manner : 

..... ^ 
• • - ■ . 

1 18 to 1*3 nearly.^ (Essay on Caet-lroD^ Art. Icon.) .But 
the stiffness of malleable iron is miicli increased by 
haipiXiering^ &C.S and in my trials sopie pains were 
taken to obtain the resistance unhammered. whidi 
niost probably causes the difference, 

It Is further necessary to observe, that ih calcal,atidg 
the strength of gudgeons^ the resifetanc^ to perhianent 
alteration: is the proper measure^ because they. arc too 
short to admit of sensible flexure; and the strain 
which produces permanent alteration in malleable iron 
is only 1*12 times that producing a like alteration in 
cast iron. 

Hence^ the diameter of a malleable iron gudgeon 
should be 0*963 times that of a cast-iron one to bear 
the same stress. For if a be the diameter of the cast- 
iron gudgeon, and b the diameter of the wrought-iron 
oiie; then a'xl-i=i^xl*12 when their strengths are 

equal; consequently ^=A»; ov ^^=b; t^ut^-p^ 

The proportion given by our author is about 0*863 a 
=i, but his proportion is made from the relative stiff- 
ness, while the rule applies to the strength, and there- 
fore it is not correct. (Ed.) 
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: l63p 1. Find the diameter which a cast*^ 
4ron gudgeon should have to sustain the 
given pressure, then say, as 14 it to the 
cube of the diameter of the cast-iron gtid- 
geon, so is 9 to the cube of the diameter 
of the wrought-iron gudgeon. 

2. The root of this Igist number gives 
the diameter required of the wrought-iron 
gudgeon. 



EXAMPLE. 

Suppose the lateral pressure to be 125 
hundred weights, the cube root of which 
is 5, the diameter in inches of the cast- 
iron gudgeon : then say. 

As . .... 14 

Is to . . . . 125 

' Sois . . .. 9 

To . . 80,357 

The cube root of which is 4.30887 * 

* To find the proportion by the preceding note, mul- 
tiply the diameter of the cast-iron gudgeon by 0*963. 
Thus 5 inches x 0-963 = 4-81 6 inches, the diameter 
for a wrought-iron one. (Ed.) 
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Upon this principle the following table 
is , calculated to. shew the proportionate 
diameters of cast-iron and wrought-iron 
gudgeons. 

Explanation of the Table of Cast and 
TVrought-iron Gudgeons. 

164. Column 1 and 2 are the same as 
those in the table of cast-iron 
gudgeons. 

Column 3 contains numbers in the pro- 
portion of 9 to 14 less than 
those of column 2. 

Column 4 contains the cube root of co- 
lumn S9 or the diameters of 
wrought-iron gudgeons, having 
the same strength as those of 
cast-iron in column 1. 



• 
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Table of Cast and Wrought Iron Gudgeons. 



4 


2 


3 


4 




Cube of Diameter 




Diameter of 


Diameter of 


of cast-iron gud- 


Cube of Diameter 


wrought-iron 


gudgeons in 


geonsy or the cwts. 


' of wronghtriron 


gudgeonsy in 


inches. 


which the gnd- 


gudgeons. 


inches and 


, 


geons may sustain. 




l>arts. 


1. 


1. 


.6428571 


.863 


1.25 


1.958125 


1.2555803 


1.063340 


1.5 


3.875 


^.1696427 


1.259921 


1.75 


5.359375 


3.4453125 


1.514825 


2. 


8. 


5.1428571 


1.709976 


2.25 


11.400625 


7.3289732 


1.912933* 


2.5 


; 15.625 


10.0446428 . 


2.154435 


2.75 


20.796875 


13.3694196 


2.351335 


3. 


27. 


17^571428 


2.571282 


3.25 


84.328125 


22.0670803 


2.802039 


3.5 


42.875 


27.5625 


3.018294t 


3.75 


52.734375 


3^3.9006696 


3.239612 


4. 


64. 


41.1428571 


3.448217 


4.25 


76.765625 


49.S4933(^ 


3.65^06 


4.5 


91.125 


68.5603671 


3.881936 


4.75 


107.171875 


6d.896 


4.101566 


5. 


125. 


80.357 


4.308870 


5.25 


144.763125 


93.023 


4.530655 


5.5 


166.375 


106.955 


4.747459 


5.75 


190.109375 


122.213 


4.959675 


6. 


216. 


138.857 


5.180101 


6.25 


244.140625 


156.948 


5.394690 


6.5 


274.625 


176.545 


5.609376 


6.75 


307.546875 


197.709 


5.828476 



* Dr. Brewster says, <' A gudgeon 2 inches diameter, will sustain 
32391b. avoirdupois.'! Brewster's Edition of Fergusdn's Lectufes, 
vol. i. p. 157. 

t The wrought-iron grindstone spindle used by Mr. Southern in 
his experiments on friction, was 3^ diameter, and carried a stone 
weighing 37001b. See Phil. Mag. Vol. xvii;123. 
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ut. 
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7» 




t^JiCC%12^ . 


MU7> 


y-i 




^i>C^ 


2713K 


77fi 




4»AfM7^^ 


$M3» 


II. 




t;t. 


2r9LM9 


4W 




V^I^IV^^ 


zman 


it/* 




^^>4ITS 


3M.?M 


H,V^ 


i 

4 


^^/^VslHTt^ 


4M^M 


u. 


t 


rtf$^ 


4aiM3 


^Xfi 


\ 


7U%Ar,z\v^ 


£/jb::s^l 


UM 


1 


hlf^^f. 


502.741 


^f!U 


i 


*^W,AfT/Mr% 


5^-SJ7 


Up. 


t 
• 


U0fff. 


64ej657 


Up/iU 


• 
1 


uncjMfnn^ 


; 6».e87 •• 


UPU 




Mujmrp 


: 744.IS7 


1076 




yn'i/uMfn^ 


7»Sj619 * 


11, 


■ 


ur/L 


935>t» * 





(/j»c o/" ^Ae Table, 



EXAMPLE. 

\Q&. To find lliC diameter of a wrought- 
irori \x,\u\mCior\ of the same strength with 
oiH! of cuHl-iron of 3 inches diameter, 
r^ook on the Ittt column for 3, and on the 
m\\\i\ line in the 4th column will be found 
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2.571282, that is, a little more than 2i 
inches, the diameter required of the 
wrought-iron gudgeon. 

The numbers in the Srd column, being 
• the cube of those in the ^4th, another use 
may be made of this part of the table. 
For, supposing the 4th column to repre- 
sent cast-iron gudgeons, then the 3d po- 
lumn will represent the hundred weight? 
which cast-iron gudgeons of those dia- 
meters should sustain. 

Before proceeding to consider the bo- 
dies of Shafts, subject to lateraj stress^ I 
shall inquire into the Strength of Journals 
of Shafts subject to torsion. 



« • 



', J 
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CHAP. III. 



SECTiON I. ' 

Of the Strength of Journals^ when the 
Stress arises from Torsion or Twisting^ in 
addition to lateral Stress.* 

m 

\ 

166. In my inquiry into the strength 
and durability of the teeth of wheels, I 
have used what is called the horses' power, 
as a measure for the strain* 1 beg lea v^ 
to refer the reader to what I have there 
said, (Art. 79 — 850 in explanation of that 
term which I shall use here, in measuring 
the strain brought on shafts by torsion or 
twisting. 



* When a shaft has a support. between the points 
where the power and resistance are applied, the part of 
the shaft which revolves on this support is called a 
Journal. (Ed.) 
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In this case of torsion, as well as thaf of 
lateral pressure, the law.ofpropoitionate 
strength is as the cubes of the diameters.^ - 

It may be proper here ta remark^ that 
what I have: to say riespecting journals^ 
relates to those of cast iron, for although 
wrought iron .will bear more lateral stress, 
as we have seen, (Art. 162,) yet it is :a fact, 
perhaps, not generally known; that wrought 
iron will. not resist torsion equal to cast 
iron.-f- 

In some cases a journal has not only 
torsion to resist, but also to carry a very 
heavy fly wheel, and it is. prudent in such 
cases not merely to make an allowance for* 
the weight properly balanced, but also 
for any . inaccuracy which! may occasion 
swagging, whi<3h greatly adds to the stress: 
but others have hardly any other resistance 
but what arises from, torsion. 

m • 

* See Gregory's Mechanics, vol. i. art. 191. 
This reference is to a statement that the strength is 
in this proportion, but it is not demonstrated^ (Bd;) 

• t The author seems to lie under a mistake in regdrd 
to this fact. (Edi) 

Y 
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It 18 further observable that the value 
for 1 10 horses in the smaller engines is 
much less. than in the larger. For this di£» 
ferenc^ what I have said respecting the 
weight of the fly in a great measure ac- 
counts : and not only is the heavier fly 
to be considered 9 but also tb^ greater 
danger of accidents from a large fly than 
from one that is of a smaller diameter. 



SECTION II. 

Of proportioning Journals to the Sirm 
which they have to sustain^ ^ 

167. The stress any journal has to sus- 
tain bdng as the horses^ powier to which 
the resistance is equal directly^ and the 
number of revolutions which the shaft 
makes inversely ^ it follows : That a resist- 
ance for example of 32 horses' power on a 
journal making 50 revolutions per minute, 
has the very same stress with a resistance 
of 16 horses' power on another journal 
making 25 revolutions per minute. 
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50 divided by 32 is equal to 25 divided 
by 16, each of which gives a quotient 
of 0.64. Therefore in all cases when the 
horses^ power divided by the revolutions 
per minute produces the same quotient the 
stress is the same. 

< Thus a resistance equal to 50 horses' 
power making 50 revolutions per minute 
produces the very same stress as 10 horses' 
power making 10 revolutions per minute. 

Having therefore fixed bn any journal 
which has been found sufficiently strong, 
we may make any other to have the same . 
strength in proportion to. the resistance 
which it has to overcome in the following 
manner. 

168. Rule. If it so happen that the 
horses power, and the revolutions per mi- 
nute be the mmt number. For instance, 
50 horses' power making 50 revolutions, 

50-5-50=1 ; then the ctibe of the diameter 

« 

of the journal wiU be a multiplier, by 
which to find the cube of the diameter of 
the required journal. 

Y 2 
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But in case the horses' power and the 
revolutions per minute are different numbers ^ 
then you must suppose them both the 
same^ and calculate (as in Ex. II.) what, 
in that case, would be the proportionate 
diameter of the journal — ^The cube of this 
diameter will be a multiplier, the sam^ as 
mentioned abave. • 

' Having found the multiplier, to find the 
diameter of the required journal. 

Divide the horses' power by the revo- 
lutions per minute. 

Multiply the quotient by the multiplier^ 
the cube root of the product will give the 
diameter of the journal required. 



>»# 



EXAMPLE r. 



To find the multiplier from a journal 
7i inches diameter, where there is an engitie 
of 50 horses' power turning a shaft, at 
the riate of 50 revolutions per minute. 



* See Art. 171. 
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Divide the power by the revolutions, 
that is 50 divided by 50 is equal Vo 1; 
the diameter of the Journal is .7i inches; 
the cube of this is 420, which multiplied 
by 1 produces 420. . 

In this case it happens that the horses* 
power, and the revolutions per minute, are 
the^ same numbery therefoTQ we with little 
trouble find the multiplier. 



EXAMPLE II. 

- • 

From a journal of 4 inches diameter, 
where the horses' power is 12, and the revo- 
lutions per minute 48 ; to find the mul- 
tiplier. 

Now let us suppose both numbers the 
same, that is, 12 horses' power, and 12 
revolutions; ' 

Here it is evident that there will be four 
times the stress^ brought on the journal. 
Its actual diameter was 4 inches. 
Then the cube of 4 is 64, 
64 multiplied by 4 is 256 inches, 
The cube root of which is 6.35, 
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which 'is the diameter which the journal 
ought to have, to be in proportion to the 
velocity. . ' 

The cube of 6.35 is 26, . 
which is the multiplier required; 

It is to be observed, that in the latter 
case a much smaller steam engine is em* 
ployed than in the former^ and, therefore, 
for reasons already given (Art. 166) has 
less stress brought upon the journal. This 
accounts for the multiplier being less. 

I shall now give an example of the 
application of a multiplier; let us take 
that found in the case Example I. viz. 420, 
and see what size of the journal it would 
give in the case Example II. which is an 
engine of 12 horses' power and journal 
making 48 revolutions per minute. 

12 divided by 48, equal to 25, then 
multiplied by 420, gives a quotient of 105, 
that is, the strength of the journals must 
be as 420 to 105; but the cube root of 
420 is 7^, and the cube root of 105 is 44, 
which points out that the journals ;7t and 
44 are proportioned to their respective en- 
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gines. In like manner the following table 
is calculated ; the multiplier being 420, 

... 
lo9* Description of the Table of Journals^ 
proportionate to D, having 420 as a mtd" 
tiplier^ 

Column 1 contains letters to distinguish 

the cases in which D is the 
same as Ex, I. (Art. 1j68,) and 
E, Ex. II. of the same Art. 

Column 2 the horses' power. 

Column 3 the revolution's of the journal 

per minute. 

Column 4 the product of the horses' pow- 
er divided by the revolutions of 
the shafts 

CQlumn 5 contains the proportionate 

strain on each journal, repre- 
sented in whole numbers^: whicb 
are found hy multiplying the 
product in column 4, by 420, 
as a multiplier. - 

Column 6 diameters of journals, as really 

executed in several steam en-r 
/ gines. 
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TABLE OF JOURNALS 

Proportionate to D, having 420 as a muU 
' ttplter. 

■ < 

1 2 3 4 5 S 



. 


Nonbers' 

of. horses' 

pomrer* 

• 


Revolu- 
tions of 
Journal 
p. min. 


Product of 

power djTi- 

ded by the 

rev. ii the 

Journal. 


Proportion- 
ate strain on 
Journal. 


Diameters 
of Jour- 
nals from 
obserm- 
tion. - 


A 
B 
D 
£ 
F 


32 
32 
50 
12 
9 


58, 
19 
. 50 

48 
55 


.0.55 

1.67 
1.0 
0.25 
0.16 ' 


231 
701 
4^0 
105 
67 


7* 

H 

71 

4 

4 



Observations. 

170. I have already observed (Art. 166,) 
that, besides torsion, the journals of fly 
wheel shafts have considerable lateral^ and 
Qther stress, arising from the weight and 
swagging of their fly wheels, and therefore, 
they ought to be made stronger than shafts^ 
in other situations. The • multiplier 420, 
therefore, which we have used in the table, 
would give diameters too great, for some 
other parts of machinery. A journal, for 
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instance, subject to torsion, immediately 
connected with a water wheel, has from 
the weight of the wheel and other causes, 
considerable lateral stress; but not so 
much as that of a steam engine. The 
journal may therefore, be considerably 
smaller than would be required for a steam 
engine fly-wheel shaft, subject to the same 
degree of torsion.* i 

Again, a secondary shaft driven from a 
steam engine, a water wheel, or horse gin, by 
means of wheels, has in general, very little 
lateral stress, compared, with the twp cases 
just stated; and may therefore haye a* 
journal, smaller than either, when the de- 
gree of torsion is the same. 

• • • ♦ « 

171- For these reasons the three follow- 
ing multipliers will probably approach near 
the truth ; that is, for journals of steam en- 
gine fly-wheel shafts (where the power is 
moderate.) • . . 400 

* It seems a better method to use a mode of calcu- 
lation which includea the effect of lateral stress 5 see 
Art. [B. 171.] (Ed.) 
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Journals in. injnaediate connection 
with .water-wheels,* or other 
heavy work^ . * 200 

Journal:S for the .ordinary kind of 
internal mill work 100 

• ■ ■ ■ , 

EXAMPLE. 



• ■ • 



Suppose B, ia the table, (Art. 169,) 1-67 
multiplied by 400, is 668, the cube root of 
which is 8.7416 inches, diameter of journal. 

[A. 171«5 When the resistance of a 
journal is eq^alto the twisting stress, the 
stratirn not being sufficient to produce per- 
manent derangetoent in the material, the 
cube of the diamfeter of the journal will be 
equal to 3.78 times the number of horses' 
power divided by the number of revolu- 
tions in a second -t 

* The reader will please to observe, that, when I use 
the word journal here, I suppose it subject to torsiou. 
Where there is lateral pressure only, and no torsion, I 
would use the word gudgeon. 

t The reason of this rule will be given in treating of 
the resistance of shafts. 
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But some allowance , mu&t be made for 
# wear, . and if this be made so that the 
journal shall have sufficient strength when 
it is worn down one-sixth of its diameter, 
the number 3'78 should be made 6*01 ; or 
with sufficient accuracy 6. 

If the number of revolutions in a minute 

4 

be employed instead of those in a second^ 
the constant multiplier^ 6, must be multi^ 
plied by 60; and therefore the constant 
multiplier will become 360; and a less 
number pught not in any case to be eqi- 
ployed, because there will always be some 
lateral stress in addition to the twisting 
stress. The resistance of a journal, or its 
diameter as regards the twisting strain, may 
be always calculated by the following 
rules. 

Rule. If N be the number of revolu^ 
tions in a minute, and d the diameter of 

the journal in inches, thcn-^=the nuniber 

of horses' power the journal is sufficient lo 
resist. 

Rule. If N be the number of re vol u- 
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Ubns per minute; and H the number of 
horses' power moving the train of machi-# 

nery, then 7'12x(^y=rf, the diameter of 

the journal in inches. 

EXAMPLE, 

Let it be required to find the diameter 
of a journal for case Bin the table of 
journals, Art l69; then we have H equal 
32 horses, and the number of revolutions 

N equal 19; therefore J5=1-6842L The 

cube root of 1-68421 is found by the table 
Art. 373, to be 119; and 7*12 x l-19=8-4728 
inches, the diameter of the journal, or 
nearly 8t inches. 

[B. 171.] But the effect of lateral stress 
ought always to be copsidered, and we 
have found the strength of a gudgeon to> 
be 0*6 (W/)* = d; where the stress is 
wholly lateral, (Art. B. 151.) Or, 0216 W I 
= d\ And the strength of a journal, where 

the stress is altogether twisting to be ^-^ 
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= d' ; therefore, since journals bear both 
kinds of stress, we have as a general 

RULE. (0-216 W/ + 5^y= d, the 

diameter in inches. Where W is the lateral 
stress upon the journal in cwts. / the length^ 
of the journal in inches, H the nutiiber of 
horses' power moving the train of machi- 
nery, and N the number of revolutions of 
the journal per minute. (Ed.) 

SECTION III. 

172. When the diameter of a journal 
and its revolutions per minute, are given, 
in order to find the horses* power to which 
it is equal; we must invert the preceding 
operation, and convert the multiplier into 
a divisor. 

RULE. 

Cube the diameter of the journal, divide 
the cube by the divisor. The quotient 
multiplied by the revolutions per minute, 
gives the horses' power, to which the jour- 
nal is equal.* 1 

^ See additions to the preceding article. 



•* ■■•■ 



336 ON THE SHAFTS ' {essay it 

(vol. i. page 136,) have confined their at- 
tention to strength (resistance to fracture) 
alone, although there be other very impor- 
tant properties, Avhich required their con- 
sideration. The most usual as well as the 
most important effect, produced by the ap- 
plication of force IS Jlexure : (p. 138, ibid.) 
stiffness therefore as well as strength^ ought 
to be considered in determining the form, 
as wdl as the quantity of materials, for 
any niechanical j)urpose, more particularly 
that of a shaft in millwork, which in theory 
may be considered as an inflexible stTB\glit 
line. I beg the practical reader would 
Dttend to the distinction between stiffness 
and strength. Stiffness is that property, 
which resists^e.rMre or bending. Strength 
that which resists fracture or breaking. 
The consideration of their limits, may 
make this plainer. Th6 limit of stiffness is 
flexure ; the limit of strength is fracture. 
The stiffness df a beam follows laws very 
different from those which determine its 
strength ; these laws I shall presently con- 
sider, and endeavour to shew their appli- 
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cation to practice, with regard to some 
case^ of shafts.— ^But although those laws 
may throw considerable light on, the sub- 
ject, yet it must be confessed, that there 
are many cases in practice, in which it is 
very difficult, if not impossible, to apply 
them ; for it is very often difficult to esti- 
mate what may be the amount of the 
lateral pressure on shafts, arising not only 
from their own weight, and that of the 
wheels, upon them, but also from the 
thrust, proceeding from the action of the 
toothed wheels, and other extraneous 
causes. > In cases of this nature, where 
calculation fails, much must be done, by 
what Mr. Smeaton calls feelings* which 
will direct the experienced millwright to 
make a due allowance for whatever acci- 
dental strain may be likely to occur. 

I shall now proceed to state and apply 
some of the laws, respecting stiffiaess and 
strength, with regard to force, applied 
transversely. 

Smeaton's Account of Eddystone Lighthouse^ p. 136. 

z 
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Of lateral Stiffness and lateral Strength. 

174. " The stiffness of any substance^ is 
measured by the force required to cause 
it to recede, through a given small space, 
in the direction of the force/' (Young's 
Nat. Phil- vol. J. p. 139-) Its transverse 
strength is measured by the pressure re- 
quired to produce its fracture, or, in other 
words, to break it. 

PROPOSITION II. 

n6. Any beams of equal lengthy have 
their lateral Stiffness^ [to bear a load at any 
point iri the length^ as the breadth and cube 
of the depth (Young's Nat. PhiL vol. i. 
p. 139, orii. art. 333,) and have their lateral 
Strength, as the breadth and square of the 
depth* (Gregory, vol. i. art. l69> cor; 1. 
Emerson^ prop. 67.) ' 

* That is, as the cube of the side oi a square beam, 
and in general the lateral strength of any beams whose 
sections are similar, as the cube of the similar sides or 
diameters of the sections. 
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K Tbus/if a square beam measure twice as 
mncb^ on tbe side, a^' another of e(|udl 
lebgtb^ it would be sixteen' times as stiff. 
In other words, it will sustain sixteen tiihds 
the weight, without bending. 

But, if a square beam be twice as much 
on the side as another, . both being the 
same length, It will be only eight times| 
stronger. 

Hence we see, that when beams or shafts 
are of equal lengths, their stiffness^ by any 
increase of thickness, increases; in a higher 
proportion than their strength. ■ / ■ - 



« r 



EXAMPLE Iv 

If a beam or shaft be four inches square 
throughout, and another five inches, both 
of equal lengths ; what is their compara- 
tive ^rt^esf^F 

The cube of 4, is 64f^ 
64x4«256; 
The cube of 5, is 125, 
123x5=^625, 
That is, the shaft of five inches is nearly 

z 2 
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nearly two and a half times stifier than 
that of four ; in other words^ it would re- 
quire nearly two and a half times the 
weight to bend it. 

EXAMPLE II. 

If a beam or shaft be four inches square 
throughout, and another five inches, both 
of equal lengths ; what is their comparative 
strength ? 

The cube of 4, is 64, 

The cube of 6, is 125, 
Tbat is, the Qve inches shaft is nearly 
tvfice as strong as that of four inches; in 
other words, it would require nearly double 
the weight to break it. 

PROPOSITION III. 

176. Any beams of different lengths^ have 
their stiffness [to hear a had at any point in 
the length'] directly as the breadth and the 
cube of the depths and inversely as the cube 
of the length, (Young's Nat. Phil. ii. 
art. 333,) and have their strength directly 
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as the breadthj ofuf as the square of the 
deplhj and inverse^ ai ihe length*^ (Young, 
vol ii, art. 335.) 

Thus, if a beam be twice as long as 
another, of the same breadth and depth, it 
will have only one eighth of the stiffness, 
while it will have one half of the strength. 
Hence the stiffness of shafts or beams by 
any increase of their length, decrease in a 
much higher proportion than that of their 
strength. 

* This is not strictly true in practice^ for f^some 
experiments appear to shew, that the strength is di- 
minished, in a proportion somewhat greater than that 
in which the length is Increased.'' (Young's Nat. Phil, 
vol. ii. p. 147.) 

The variation k caused by the increase of strain 
which takes place when the flexure is considerable, 
(see Elementory principles of Carpenty, Art;* 18^) and 
some decrease of cohesive power when the natural 
arrangement of the particles of a body are disturbed 
more than in a certain degree; but these causes are in- 
sensible in a practical point of view, because we can 
never allow the stress to produce so much flexure, nor 
the strain to be so near to fracture, as to make it ne- 
cessary to allow for such circupastances* (Ed.) 



342 ON THE SHAFTS Ijmsa^ "* 

£XAMPL£ 1. 

Suppose a beam or shaft, four feet loag 
and four inches square throughout, and 
anpther eight feet long and seven iuchea 
squai;e ;, what i$ thetir comparative ^tifines^ ? 
The cube of 4 feet, is 64, 
The cube of 8 feet, is 513, 
512 divided by 64, is equal to 8, th^t isj^ 
when we double the length, we decrease 
the stiffness eight times. 

The cube of 4 inches is 64, which muU 
tiplied by 4 is equal to 256, a number 
representing the stiffness of the four inch 
shaft . 

The cube of 7 inches is 343, multiplied 
by 7 is equal to 2401, divided by 8 is equal 
to 300-l> then as 256 is to 300 1, so is the 
stiffness of the shaft of four inches to that 
of a shaft of seven inches. 

EXAMPLE II. 

Suppose a beam or shaft, four feet lon^ 
and three inches square, and another eigh| 
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feet long and seven inches square, what is 
their comparative strength ? 

The cube of 4 is 64^ which represents 
the strength of the four inch shaft. 

The cube of 7 is 343 ; but the shaft 
being of double length, we must halve this 
sum, to find the number representing its 
strength, viz. 343-«-2-171*5 divided by 
100^ that is, as sixty four is to a hundred 
and seventy-one and a half, so is the 
strength of the short shaft to that of the 
long one. Thus the shaft of seven inches, 
eight feet long, has nearly two and six 
tenth times the strength, of the four inch 
four feet long. 



PROPOSITION IV. 

177* Supposing a tuhcy indefinitely thiuy 
to be expanded intQ a similar tube of. a 
greater diameter^ but of eqiuil lengths^ the 
quantity of matter remaining the same^ the 
STIFFNESS zoilt be increased^ in the ratio* 

* Ratio, that is proportion. 
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of the square of the' diameter y and: fhe 
STRENGTH in the ratio of the diameter.* 

Thus, if the one tube be double the 
diameter of the other^ it will have four 
times its stiffness^ but only double the 
strength. 

. Hence, hollow cylinders of equal lengths, 
by any increase of diameter, increase in 
stiffness^ in a much higher proportion than 
in strength. 

EXAMPLE I. 

Suppose two thin narrow cylindrical cast- 

* This proposition is taken from Dr. Young's Nat. 
Phil. vol. ii. art. 339, where it is followed by this es- 
sential limitation. ^* When a beam of finite thickness 
is made hollow, retaining the same quantity of matter, 
the strength is increased in a ratio sbmewhat greater 
than that of the diameter, because the tension of the 
internal fibres at the instant of breaking is increased.'' 
Dr. Young has given the correct rule for estimating the 
strength and stiffness of a hollow cylinder, at p. 84, 
(Nat. Phil. vol. ii.) " The strength of a tube may be 
found by deducting from the strength of the whole 
cylinder that of the part removed, reduced in the ratio 
of the diameters." And observes, that " the strength 
is in this case in the same ratio as the stiffness.'' (Ed.) 



BssAY II.] OF MILLS. d45 

iron shafts, of equal* lengths and weights; 
the one of one foot diameter, and the 
other three feet diameter, required their 
comparative 5/i^n€5^ .^ 

The square of one is one, 
The square of three is nine, 
that is, the shaft of three feet diameter, 
is nine times stiffer than that of one foot. 



EXAMPLE II. 

^ Suppose the same shafts, as in example 
first, required their comparative strength ? 

Diameter one foot, 

l)iameier three feet, 
that is, the three feet shaft is just thr^e 
times stronger, than that of one foot dia- 
meter. 

178; In these examples, we have sup- 
posed the weight of the shafts equal, that 
is the area of their ends to be equal, but 
the strength of any of them would be in- 
creased in proportion to their weight, or the 
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areas of their fends and diameters, con^ 
jointly, (Gregory, vol. i. art. 172, con 3.) 

Thus suppose two iihafts of eqaal length 
and diameter, the one double the weight 
of the other, it will be double the strength.* 

179. Professor Robison justly observes, 
" Thatt this property of hollow tubes is ac- 
companied also with greater stiffness, and 
the superiority in strength and stiffness is 
so much the greater, as the surrounding 
shell is thinner in proportion to its diame- 
ter. Here we see the admirable wisdom 
of the Author of nature in forming the 
bones of animal limbs hollow. The bones 
of the arms and legs have to perform the 
office of levers, and are thus opposed to 
very great transverse strains. By this 
form they become incomparably stronger 
and stiffer, and give more room for the in- 
sertion of muscles, while they are lighter 
and therefore more agile; and the same 

* See note to Art. 177- (Ed.) 
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tvisdom hai6 made iise of this hollow for 
other valuable purposes of the animal eco^ 
nomy. In like manner the quills in the 
wings of birds acquire by their thinness* 
the very great strength which is necessary, 
while they are so light as to give sufficient 
buoyancy to the animal, in the tare me- 
dium in which it must live and fly about. 
The stalks of many plants, such as all the 
grasses, and many reeds, are in like man- 
ner hollow, and thus possess an extra- 
ordinary strength.'' (Ency. Brit, article 
Strength.) 

Long before this eminent philosopher, 
the celebrated Galileo made similar obser^ 
vations^.and gpes on to say that " if a wheat 
straW) ^l^ich su ppor ts an ear that is heavier 
than the whole stalk, were made of the 
same quantity of matter but solid, it would 
bend or break with far greater ease than it 
now does. And with the same reason art 
has observed and experience confirmed, 
that a hollow cane or tube of wood or 
metal, is much stronger and more firm than 
if, while it continued of the same weight 
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and lengthy it were solid, as it would then 
of consequence be not so thick. 

It may be pr^oper now to consider the 
effects called stresg^ which are produced on 
beams or shafts lying horizontally, by 
weights or pressures brought on various 
parts of them. 



SECTION II. 

Of Lateral Stress. 

180. The stress or strain* are terms used 
to express the force which is excited in 
any body tending to break it. The mean- 
ing of the term stress may perhaps be more 
clearly understood by contrasting it with 
the term strength. 

Strength^ as we have already observed, 
is the property which resists fracture. 

Stress is that which has the tendency to 
produce fracture ; and lateral stress is that 

^ Strain is the effect of stress : it is the derangement 
from the natural state which is caused by sti^ess. (Ed.) 
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particular application of it, which has the 
tendency to break a body across. 



PROPOSITION V. 



181. The stress on a beam arising from 
one weight hung upon it^ is proportional to 
the rectangle of the parts of the beam^ and 
is greatest when the load is laid on the middle 
of the beam. (Ency. Brit. art. Roof, § 19.) 

What is meant by the expression rect-* 
angle of the parts, is the product of parts 
multiplied into each other. Thus for ex- 
ample : if a beam be ten feet long, and the 
weight hung two feet from one end, the 
parts are 2 and 8, which multiplied toge- 
ther, would be equal to 16 ; but supposing 
the weight were hung in the middle, the 
parts are 5 and 5, which multiplied to- 
gether would produce 25. 

■ 

182. The ends of beams having the^ 
whole weight to support ; the end which is- 
nearest the weight, has to support the 
greatest proportion of it, in the inverse pro- 
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portion . of tbe distance iof> : tl^a weight from 
the end. This will be easily understood 
from the properties of the lever. For, sup- 
pose the beam instead of being supported 
by two props or walls, as in Fig. 9, No. 1, 
to be hung from each end by' a rope, as in 
Fig. 9, No. 2, it is plain tli^t the beatri 
would receive the same strppbrt, and Stifieif 
the same stress, as if lying bn props ot 
walls} now'suppose die -weights A and B, 
to balance the weight Wr then, A and/B, 
taken together, must be eqiji^l Ip W, but 
A must be" greater than B in proportioa 
as W is near to it. 

18S. Hence when any beams or isbafts 
are loaded exactly ia the middle, each.of 
tbe ends of the beams or gudgeons of the 
shafts has half the weight to support, and 
when the weight is nearer one end, the end 
or gudgeon to which it is nearest, has the 
sjrfiss in thq inverse proportion jbf thedis- 
tance. In this last case, therefore, the 
one gudgeon might be smaller than the 
other. 
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184. ^f We n\ay always cansider the 
weight which is uniformly diffused pvo" 
any part of a be^m as united in the middle 
of that part, and if the lo^d is not uniformly 
diffused, yie may suppose it united at its 
centre of gravity/' (Ency. Brit, article 
Roof, § 20.)* 

185. It is evidently of importance that 
a beam or shaft should in every part be 
able to resist the strain excited iq that part. 
" It should therefore be equally strong, 
because the piece will nevertheless break 
where it is not stronger throughout, and ijt 
is useless to make it stronger (relatively to 
its strain) in any part, or it will peyerthe- 
less equally fail in the part that is too 
weak.'' (Ibid.) 

* When the weight is uniformly diffhsed, the istress is 
the greatest at the middle of the lengthy and is equal to 
half the weight ccdlected in the middle. But the flexure 
in the middle produced by a weight which is uniformly 
diffused^ is the same as when five eighths of the load is 
collected in the middle of the length. (See art. Carpen- 
try, Supplement to Encyclopaedia Brit. l8l7.' Prop. F. 
or Barlow's Essay on the Strength of Timber^ p, 117.) 



3BS ON THE SHAFTS [essay ii. 

186. From what we have said Yespecting 
lateral stress, it is evident that when a beam 
lying between two props is loaded at some 
intermediate part, that part has to sustain 
more stress than the rest. In order to re- 
sist this strain, therefore, and to render the 
beam equally strong throughout, it should 
have its section enlarged at the place of( 
greatest stress, and hepce shafts subject to 
lateral stress, should swell in the middle, 
and: it will be found that when each section 
is made proportional to the stress it has to 
sustain, that the sides of the shaft will form 

curves. 

■# . • 

187- When the transverse sections of a 
beam are all similar, such as circles^ 
squares, or polygons, and the weight is laid 
on one place, in order to make it equally 
strong throughout its length, the curve of 
the sides of the beam becomes what ma- 
thematicians call a cubical parabola. (En: 
Brit Strength of Materials, 870 B«t 
when the weight is uniformly diffused all 
over the beam, the sides of the beam must 
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be a difTerent parabolic curve called a semi-* 
cubical parabola.* 

We come now to examine some of the 
laws respecting twisting or torsioD. 

SECTION HI. 

Of Torsion. 

PROPOSITION VI. 

188. Tn general the strength of a cylinder 
or solid axle by which it resists being wrenched" 
asunder by twisting is as the cube of its dia- 
meter. (Ency. Brit. art. Strength of Ma- 
terials, 123.) 

Thus if a solid cylinder be double the 
diameter of another> it would require eight 
times the force to wrench it asunder. 



Of Hollow Axles. 

189- Hollow axles are stronger to resist 
twisting than solid ones containing the, 

* '' The p&rabola is a conic section, arising from a 
cone being cut by a plane parallel to One of its sides, or 
parallel to n plane that touches one side of the cone." 
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same quantity of matten For if a hole be 
bored out of an axle of half its diameter^ 
this reduces its weight onefowrth (because 
circles are to one another as the squares^ 
of their diameters,) but the strength of solid 
cylinders being as the cubes of thieir dia- 
meters, the part taken out by bonng had 
only the eighth part of the strength of the 
whole cylinder, and therefore when taken 
put would reduce the strength of the whole 
one eighth. 

Thus let the external diameter of the 
hollow axle be five inches, and that of the 
hollow part of it four inches, then the dia* 
meter, of another cylinder made solid, hav- 
ing the same quantity of metal with the 
tube, is three inches. 

For 5 multiplied by 5 is equal to 25 
4 multiplied by 4 is equal to 16 

difference 9 
The square root of 9 is 3- The strength 
of the solid cylinder of five inches diameter 
may be expressd by the cube of 5, or 125. - 
Of this the internal part four inches dia- 
meter exerts 64, that is, the cube of 4 ; 
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therefore the strength of the tube is 64, 
subtracted frbm 12^5, is equal to 61, but 
the strength of the solid axle of the same 
quantity of matter^ and three inches dia- 
meter is expressed by the cube of 3 or 27, 
which is not half df that of the tube. (En. 
Brit. art. Strength of Materials, 124.)* 

190. The superiority of, strength of hol- 
low tubes over solid cylinders is much 
greater in resisting torsion than transverse 
or lateral stress. We have seen above, 
that the strength to resist torsion of the 
tube was to that of the cylinder as sixty- 
one is to twenty-seven; but Professor ^Ro- 
bison estimates^ that their strength to resist 
transverse strain is only as sixty-one is to 
thirty-two and a half nearly — ^aqd if we 
calculate according to Dr. Gregory's co- 
rollary, vol i^ page 109, (see Art. 178 of 
this Essay,) the result will be still more in 

'^ These. calculations are founded on the erroneous 
supposition that the tension is equal in^ every part of 
the section ; and consequently they are widely distant 
from the truth. (See note to Art. 190.) (Ed. 

A A 2 
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favour of strength to resist torsion : for hy 
thel^st mode of calculation the tube would 
be to the cylinder only as forty-five is to 
thirty-six ; but the Professor's mode of cal- 
culation, though less simple, is probablyr 
more accurate than that above alluded to.* 



* It has been shewn that the resistance of a cylinder 
to torsion is 124*8 d' = R W; where W is the stress 
in lbs. and R. the leverage in feet it act^ with ; d bdng 
the diameter of thexylinder in mcbes. CBssay or Csnt^ 
Iron^ Art. 2S!J.) And when the straining forc^ is con-^ 

sidered to act at the snr&ce of the shaft -3^ 99 12'R } 

and therefore in this case 20*8 d* =s W. 

By the same reasoning it may be pro^d thiit, in a 
hollow cylinder^ where D is the exterior diameter, and 
wp the diameter of the hollow part, 124-8 D' (I — n*)* 
='RW5 when the force W, acts with the leverage R 
in feet ; but when the force is applied «t the surface of 
the shaft, 20-8 D» (l--.n*) =W. - 

Henc^ whcA this strain is at the sturface of the; shftH^^ 
the resistance of a solid qylindei: is to that of a kolloM^ 
one as eZ* : D^ (1— n«) ; and taking the same example, 
which our author has quoted from Professor Robison, we 
have d =2 3, D = 5, and w D = 4, or u = •&, the ratio 
is 9 : 26 (I •—4096,) or as 9 : 14*76, when the stress 
is reduced to the surface of the shaft or cylinder. 

But the ratio is d^ : P' (1— »*) when the lev^age is- 
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191- Professor Robison mentionB (in En. 
Brit. art. Strength of Materials, § 1 28) that 
*^ when the matter of the axle is of the 
most simple texture, such as that of metals^ 
we do not conceive that the length of the 
axle has any influence on the fracture. It 
is other\^ise if it be a fibrous texture^ like 
timber; the fibres are bent before break-^ 
ing, being twisted into spirals like a cork- 
screw. The length of the axle has some- 
what of the influence of a lever in this 
cdse^ and it is easier wrenched asunder if 
long.— -Accordingly we have found it so ; 
but we have not been able to reduce this 
influence to calculation.* 

constant; that is, 27 : 73*8} instead of 27 to 61. It 
mast however be observed, that these ration obtain only 
in the particular case for which they are here calculated^ 
in the example where the leverage is constant the ge- 
neral ratio is (1— n*)T : (1— n*) : : strength of a solid 
cylmdef : that of a tube containing the same quantity 
of matter. And it may be very easily proved that the 
lateral strengths are in the same ratio. (Ed.) 

^ In wood the lateral adhesion of the fibres being 
much inferior to their direct cohesion^ it is much 
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[A. 191-] All shafts are exposed to la^- 
teral stress and twisting, but it will com- 
monly happen that one of these forces will 
vastly exceed the other ; and consequently, 
we need only adapt the shaft to the resist- 
anceof the greater power; but iti the first 
place we must be able to ascertain when 
the one' or the other must be calculated 
for. 

The resistance of a shaft to a lateral 
stress must obviously be measured by its 
stiffness to resist flexure, because it would 
otherwise play too much on its brasses, 
couplings, &Cw and occasion irregular ac- 
tion in the machine. 

From a comparison of shafts in use, it ap- 
pears, that abbut the^r^th part of an inch, 
for each foot in length, is the quantity of 
flexure that may be allowed without sensi- 
bly affecting the regularity of its motion. 

In a cast-iron shaft, supposing it to be a 

"i 

weaker to resist torsion; the fibres sliding one upon 
another very considerably before the rupture takes 
place. But this gives the length no sensible influence, 
when the strain is kept within proper limits. (Ed.) ' 
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solid cylinder, if W be the stress when re- 
ferred to the middle of the length of the 
shaft; 7= the length in feet, and d =' the 
diameter in inches ; the deflexion in the 

middle being j^j of an inch, then -^ = d\ 

(Essay on Cast Iron, Art. 218.) or W = 

250 d^ 

a 

[B. 191.] Now if ti^ be the iwisting 

power collected at the surface of the shaft, 
where v is the velocity of that surface in 
feet per second, and H the greatest num- 
ber of horses' power that is necessary to 
work the train of machinery to which the 
shaft belongs, (see note to Art. 780 we have 
124-8 d* = ^^, (Essay on Cast Iron, Art. 

227r) but the velocity of the surface of the 
shaft is equal to its circumference in feet 
multiplied by the number. of revolutions in 
a second. And, if this number of revolu- 
tions be N, then v = -jg—i and the equa- 
tion between the stress and strain, reduces 

: » 3-78 H 

to a =-|j^. 
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It therefore appears, that when • (^^^^)* 

-^j the strain from torsion will be 
^qual to that from lateral pressure ; whence 
if ]^^ Qy be less than W, the dia* 

ineterof the -shaft must be determined by 
the rule for lateral stress; if it be greater 
than W, calculate the diameter by the rule 
for torsjon. 

For the advantage of those who are not 
much versed in calculation, it may be of 
use to remark, that in common cases when 
the stress in lbs. multiplied by the square 
of the length in feet, is less than 3,000 ; the 
twisting strain will be the greater; and the 
reverse. 

In a series of lying shafts, as in Fig. 1, 
Plate V. or Fig. 21, Plate VII. it is neces- 
sary to make the journals equal to the 
twisting strain with the addition of tljie ne^ 
cessary allowance for wear; hence it will 
often be necessary to adjust the shafts to 
both strains : but in all instances where 

the lateral stress is less than i^ x (~Y 
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the bodies of the shafts need not be greater 
than the journals. 

In other cases, as in Fig. 12, Plate IIL 
the principal twisting strain will be in the 
part of the shaft between the wheels A and 
B, while the twisting strain on the gudgeons 
will !:» equal only to the friction. (Ed.) 

Having thus stated these laws, as far as 
seems to be necessary for the purpose of 
eur present inquiry, it may be proper next 
to endeavour to apply them more particu- 
larly to practice, with regard to the pro- 
portion of shafts. 



SECTION IV. 

» 

Of the Proportion of Shafts. 

192. It was already observed, (Art. 150.) 
that the gudgeons or journals having to 
support the whole stress of the shafts to. 
which they belong, their diameters being 
determined, serve to guide in determining 
the proportions of the whole shaft. They 
are subject to wear, which the body seldom 
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is. Thej ought, therefore, to he sufficiently 
large to allow for that wear. It frequently 
happens, that a shaft has no lateral pressure 
excepting that which arises from its own 
weighty for instance in a line of coupled 
horizontal shafts conveying motion to a dis^ 
tance. In the case of vertical shafts also 
there is often little or no lateral stress. In 
such cases, when solid cast-iron shafts are 
of moderate lengths, it is found from ex- 
perience, that making them square of the 
same size throughout,* between the jour- 
nals, and the measuring a little more on 
the side than their diameters, gives them 
sufficient stiffness. Even where there is 
considerable lateral stress when the shafts 
are but short, making them in this manner 
is found to give sufficient stiffness. This 
square form, in many cases, affords great 
convenience for hanging or fixing wheels, 
pulleys, &c. upon them. 

193- The gudgeons of water wheels are 
often so near the wheel, that the stress is. 

See note to Art. 136. (Ed.) 
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in a great measure^ taken off the shaft. 
H^nce.sonjie water wheels are made without 
shafts^ the gudgeons being fixed to the 
arms at each side of the wheel. The sole 
of the wheel, in these cases, may be consi- 
dered as a large hollow axle.* 

Cast'iron Shafts. 

194. 1st. Let us now suppose a square 
cast-iron shaft required to be made eight feet 
long, with gudgeons four inches diameter, 
having considerable lateral stress in the 
middle — were the shaft of equal size 
throughout, it ^vould evidently be weakest 

* For a wheel of considerable breadth it will in many 
instances be an advantage to.employ a comparatively 
small axis^ and to render the wheel firm by arms and 
braces. But if the axis be dispensed with^ the same 
degree of firmness will be gained only by a greater 
quantity of matter. 

' The author seems to have had in view the ingenious 
method of constructing a water wheel executed by Mr, 
Burns, at Cartside ; (Dr. Brewster's edition of Fer- 
guson's Lectures, vol. ii. p. 55.) but the addition of an 
axis would be of great use if it were bnly to prevent the 
racking strain of the gudgeons upon the cross arms* 

(Ed.) 
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in the middle. Its section^ in that place, 
ought therefore to be considered: We 
have already seen (Art. 192) that square 
shafts, when short; are sufficiently stiff, if 
made as large as the gudgeons ; this shaft 
may therefore be four inches square at the 
end, Supposing the section in the middle 
enlarged to five inches, swelling with a re- 
gular curve (Art. 187) from each end (by 
Prop. II.) theii 

The cube of 4 is 64 

The cube of 5 is 125 
that is nearly double. — Therefore, the 
strength of shafts being inversely as their 
length (Prop. III.) the section as thus in- 
creased, would make the eight feet shaft 
nearly as strong as a shaft subject to the 
same stress^ only four feet long and four 
inches in the middle. 

Let us next see what would be the stiff^- 
ness of this shaft, as thus swelled in the 
middle to five inches. Then (by Propo- 
sition II.) the cube of 4 is 64, which, mul- 
tiplied by 4 is equal to2 56. The cube of 
5 is 125, multiplied by 5, is equal to 625; 
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therefore, the stifTness being inversely aar 
the cube of the lengths— 

The cube root of 256 is 6.3 
The cube root of 625 is 8.5 
Therefore, the section as thus increased,; 
would make the eight feet shaft about aa 
stiff as one of six feet, subject to the samer 
stress, and four inches throughout. 

195. 2nd. Let us next suppose the point 
of greatest lateral pressure to be two feet 
from one end. 

From the properties of the lever, the 
gudgeon next the point of greatest pressure 
has three fourths of the whole to sustain. * 

Now the cube of the diameter of the 
gudgeon is 64 multiplied by 2, is eqoa) to 
128, which represents the strength of botb 
journals taken together. 

3-4ths of 128 is equal to 96. 

The cube root of ^ is 4.578, the dia^ 
meter which the largest gudgeon ought to 
have— 

1.4th of 128 is 32. 
V The cube root pf 32 is equal ta 3.174, 
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the diameter which the smallest gudgeon 
ought to have, or that furthest frdm the 
point of pressure. 

Having thus obtained the diameters of 
the two gudgeons^ each end of the shaft 
may be made square, equal to its respec- 
tive gudgeon (Art. 192). 

The stress on the shaft being as the 
rectangle of the parts, (Prop. V) ; in this 
case it is less than the former, as twelve is 
to sixteen^ — for four feet multiplied by font 
feet is equal to 16, which expresses the 
stress when in the middle — 6 feet multi- 
plied by two feet is equal to 12, which 
expresses the stress wheh.twtx feet from one 
end. 

This shaft would therefore be as strong 
as the former, if its greatest section were 
reduced to 4.54: 

For the cube of 5 is 125, as 16 :12 :; 
125 : 93.75, the cube of which is 4.54. 

It would be as stiff ns the former, if 
its greatest section were reduced to about 
4.65 : 

For the cube of 5 is equal to 125; mul- 
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tiplied by 5 is equal to 625, which ex-^' 
presses the stiffness of the former shaft, as 
16 : 12 : : 625 : 468.75, which expresses 
the required stiffness; and .the cube of 
4.65, is equal to 100.5444625, "which, 
multiplied by 4.654, is equal to 467.934, 
which is nearly equal to the required stiff- 
ness. 

By examining shafts in this way, the 
millwright, according to the nature of the 
case, will be enabled to judge how much 
they should swell at the place of greatest 
stress. . \ 

[A. 195.] As far as regards the strength 
these examinations will apply ; but not to 
stiffness ; because the rule for the stiffness 
supposes the shaft to be every where of the 
same section. And it may be here re- 
marked that a cylinder is stiffer than any 
figure which can be inscribed within it; 
hence there is not that advantage in dimi- 
nishing a shaft towards the points of sup- 
port which many people have imagined. 

Supposing the reader to have considered 
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the piriticiples of estimating the presstire 
on a shaft (Art. [A. 149]) with safficient 
attention to be able to ascertain the greatest 
stress upon one with as much precision as 
is necessary io these" calculations ; I will 
here give rules for Computing the diafne-r 
ters of different forms of castnirou shafts ta 
resist lateral stress. 



Cylindrical Shafts of Cast Iran. 

. ' ■ ■ '\ 

If the stress be in the middle, and equal 
to W cwts. the flexure in the middle not to 
exceed as many hundredths of an inch as the 
shaft is feet in length; then by Art. [A. 19*1] 

(iW)*x7*^=rf the diameter in inches. That 
is, the fourth root of half the stress id cwts. 
multiplied by the square root of the length 
in feet is equal to the diameter in inches. 

[B. 195.] If a cylindrical shaft has no 
other lateral stress to sustain than its own 
weight, then by making the proper sub-^ 

stitutions, the rule becomes a/*007^=^> the 
diameter in inches. 
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That is, multiply the cube of the length 
in feet by *007; and the square rdot of 
this product is the diameter m inches. 

The rule now stated may be easily ap- 
plied to any case with the advantage of 
both accuracy and simplicity, because it 
enables us in every instance to include the 
effect of the weight of the shaft itself; 
when it is cpmputed in a tabular form. 
Let the stress, supposed to be at the mid-* 
die, be n times the weight of the shaft, 

then ^'Ol2tn=id in inches. 

/ 

w • , 

C. 195. Tabte of Shafts of Cast Iron 
to resist lateral Pressure, ' 



Length 
in feet* 


Diataieter 
in incbes. 


Diameter 
in hachei. 


Diameter 
in inches. 


Diameter 
in inches. 


Diameter 
in inches. 


2 

4 

6 

8 

It) 

12 

14 

16 


•237 
•67 
1-23 

i-9 ; 

2^65 
3-48 
438 
5-36 


•31 

•88 

1*61 

2-48 

3-47 
4^55 

574 
701 


•44 
1'24 
2-28 
351 
49 
6*44 
812 
9-92 


•54 
1-^ 
2-79 
4-30 
60 
7-89 
994 
1215 


•62 

3-22 
4-96 
6-93 
9-10 
11*48 
14 02 




Own weight 
only. 


Stress 

eqiial to 

its own 

weight, 

brutal. 


Stress, doa- 
ble its own 
weight, or 

■i ■ 


Stress 

three times 

its own 

weight. 


Stress four 

times its own 

weight, or 

fi»4. 



B B 
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Hollow Cylindriedl Shafts of. Cast Iron. \ 

[D. 195.] To compute the diameter ol* 
a shaft when it is to be a hollow cylinder, it 
i3 necessary to assume the ratib between 
the diameter of the hollow part and tliat 
of the exterior of the shaft, in border to 
to avoid a complicated rule. Let D be 
the exterior diameter, and N D the interior 

one, then W being in cwts. the rule will he 

' • • • ■ ■ . . - . « 

Gd— nO " ^ ^^ dianjeter in inches.. 
But if the shafts supports n times its own 

.1 1 ■ '" ly— • 

weight, then v-j-pgr ^ D* when the neces- 
sary substitutions are made. If however 
some convenient number be fixed upon for 
N, the rule may be still further simplified. 
And I think one that will be wqll adapted 
for practice is to make the hollow part 
six-tenths of the exterior diameter. .Ac- 
cording to this , proportion, the rule is 

V 009/' n = D. That is, the cube of the 
length in feet, multiplied by '009, and also 
by the number of times the weight of the 
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shaft is contained in the stress, then the 
square root of this product is the diameter 
in inches. 

The weight of the shaft in lbs. will be 
very nearly equal to the square of the ex*- 
terior diameter in inches^ multiplied by 1'6 
times the length in feet. 



. . ) ■ .. . 



[E. 195.] Tab(e of Hollow Shafts of Casi 
Iron to resist lateral stress. , 



* 

Length. 


Exteri- 

orMia* 

meter 

in inch. 


Interi- 
or ^a- 
meter 
in in. 


Exteri- 
'ik dia- 
meter 
in inch. 


Interi- 
or dia- 
.met^r 
ihin. 

• 


» ' • * 

J^xteri- 

ofAia* 

meter 

in inch: 


Interior 

diiuAe- 

ter in 

indiet. 


Exteri- 
or dia^ 
meter 
in inch. 


Interior 
diame^ 
ter in 
ibchet/ 




4 


1-5 


0-9 


1-9 




2-2 


1-3 


2-4 


1-4 




6 


2-8 


1-6 


3-6 


2-1 


40 


2-4, 


4-5 


2*7 




8 


4-3 


2-5 


5-3 


31 


61 


3-6 


6-9 


41 




10 


60 


36 


7-4 


4-4 


8-5 


5- 


9-5 


57 




1%, 

14 


7-9 
10-0 


60 


^•8; 

i2-3 


5-8 
7*3 


11-2 
14 2 


6-7 

•8S- 


126 
15-9 


7'5 
9-5 




Ife 


!«•« 


7)3 


15-0 


,9-p 

• 


•IT'3 


10-8 


194 


ll€i- 






Strett four 

times the weight 

of the Shaft. 


Strett silt times 

the weight of 

the Shaft.. 


• Sti^ «iglit ' 
times the weight 
^thefthaft;' 


St^&' teii fiMa 
the weight of 
iUh^ Shaft; 


\ 



. It will be necesis^ry to refer, to the tables 
of resistance to torsion, previous tp' fixing 
on the diameter of a shaft. , 

B JB 2 
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WrQught4ron Shafts to resist lateral Stress. 

[F. 195.] If the diameter of the shaft be 
calculated for cast iron, and this diameter 
be multiplied by 'QSS^ the product trill be 
the diameter of a wrought-iron shaft of 
equal stiffness. 

I For in order that* shafts of these metals 
may be equally stiff, the stiffness of wrought 
being I'S, when that of cast iron is unity, 
(see Art. 162. note) c* x 1 = o;^ x 1*3. or 
c X *935 = w ; where c is the diameter of 
the cast-iron shafts and w that of the 
wrought-iron one. (Ed.) 

Wooden Shafts. 

196. Suppose a cast-iron shaft five in- 
ches square at the point of greatest late- 
ral stress — Required the size it should be 
when made of oak to have the same strength? 

The cube of 5 is 125. 

Cast-iron is four times stronger than oak^ 
(see Banks on Powers of Machines, &c. 
p. 94.) therefore 125 x 4 = 500. 

The cube root of 500 is 7'93 inches. 
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[A. 196.] Shafts should be compared by 
their stiffness, or their resistance to torsion ; 
but here the question is the comparative 
stiffness. Now the stiffness of good oak is 

to that of cast iron as j^ : 1 (Essay on 

Cast Iron, Art. Oak.) Therefore c* x 1 ss 
o* X Ypj when the shafts are of equal stiff- 
ness ; hence 1*83 c =0; where c is the dia^^t. 
meter of the cast-iron shaft, and o that of 
the oak one. And consequently an oak 
shaft should be 1*83 timest the diameter of 
a cast-iron one to be equally stiff. 

And the stiffness of square shafts being 
as the fourth powers of the sides of the 
shafts, the side of an oak shaft should be 
1*83 times that of an iron' one to be of 
equal stiffness. (Ed.) 

197- Required the size of a fir shaft to 
have the same strength as one of cast iron ? 

The cube of 5 is 125. 

Cast iron — 5.5 times stronger than fir, 
(Banks.) therefore 125 x 5*5 = 687.5; the 
cube root of 687*5 is equal to 8.82 ; — Jlns. 
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. [A» 197.} The stifibesa of red or yellovf 

fir 18 to that of cast iron as ^ : 1 (Essay on 

Cast Iron, Art. Fir.) Therefore c being 
the diameter of a cast-iron shafts and / that 
of a fir one to resist the same stress, c^ x 1 

^/* ^ ier^^^ ^ (t)* =/»thatis 1-716 e 
.= /. Whence It appears that a shaft of 
Yellow fir should be l'7l6 times the dia- 
meter of a cast iron one, to resist the same 
Stress. 

Shafts that ar^ square should be in the 
same ratio. (Ed.) 

■ / - 

< - • • ■ • ; 

• 

19^. In the same manner we might exa- 
mine various kinds of cylindrical shafts, 
but I presume what I have already said 
will suffice- In order to shew, however, 
that considerable allowance should be 
made for accidental stress, I may mention 
the following fact which lately occurred. 

199- The hollow shaft of a water wheel, 
in consequence of one of the gudgeons 
getting loose, broke quite through near one 
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end, although it was I6 inches diameter, 
and two inches thick in the shell — (See 
Art. 153, 1st table of gudgeons.) The 
gudgeons of this shaft were not secured 
by flanches. 

200. Hollow cylindrical shafts are often 
made of equal size throughout, in order to 
get large flanches, the better to secure the 
gudgeon. 

Shafts subject to Torsion. 

-^'201. We saw (Art. I9I) that the length 
of a cast-iron shaft has no influence on its 
resistance to torsion, and I have already 
said all that seems to be necessary respect- 
ing them. The case is, however, different 
with regard to wooden shafts j but we are 
yet in want of facts to reduce the influence 
which their length may have, to calculation. 
As it may give some idea of this influence, 
I beg leave to state one fact which came 
recently under my observation. 

A shaft about 15 feel long, made of fir, 
had cast-iron journids 2/. diameter ; one of 
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the joiiroals !br6ke from fair stress after 
votkiqgabout 16 years } for a considerable 
tiltie before it broke, the resistslncae was 
equal to 7 horses^ pdwer, making lli revo- 
lutions per minute. It gradually wore un- 
til it. broke; when that happened, the shaft 
seemed strained to the utmost, so that it 
might be reckoned as just equal in strength 
t6 the gudgeon ; the shaft was 94 inches 
square. 

The cube of 9* is 926, 
926 divided by 5.5 (Art 1970 is 16-8 ; ' 

Cube root of 168 is 2-6. That is^ the 
fir shaft would be equal to resist the same 
lateral stress as a square cast-iron shaft 2*6 
on the side. 

The cross-tailed gudgeons of wooden 
shafts commonly require them to be made 
sufficiently large to withstand the stress 
which is brought upon them ; often indeed, 
formerly, they were much weakened by 
mortices cut through them for inserting 
the arms of wheels ; this practice is now, 
however, almost entirely abandoned. 

[A. 201.] The power of a shaft to resist 
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torsion, has been calculated ib comparing 
the resistance to torsion, with that to late- 
ral stress in Art. [B. 19I5] therefore it only 
remains to apply the equation. 

Of Cylindrical Shafts of Cast Iron to resist 
• Torsion. 

% ' » t 

We have found the equation expressing 
the relation between the stress and strain 

to be^^— = d% the diameter in inches. 

But it will be accurate enough for our 
purpose to increase the constant multiplier 
to 4, in order to render the computation 
easier ; with this change, when N is the re- 
volutions pqr minute, we have as a practi- 

cal rule ^^ = d\ or (^^ = d. That 

is, divide 240 times the number of horses* 
power by the number of revolutions per 
minute^ and the cube root of the quotient 
will be the diameter of the shaft in inches. 
But the reader must remember that whep 
in this or any other case, he represents th<9 
power of the first mover by a certain num- 
ber of horses, he must be certain to make 
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an ample alloWaDce for ao j temporary ir&- 
crease of the Miction of the maviiig ponvter. 

The following tabh is caleula|;ed bj the 
above rule, and it will be found useful to 

compare with the table, Art. [A. 193.] 

• " . ' • " . . ' * * ■ 

[B. 201.] Table qf Ct/Undrical Shafts of 



• 


Cast Iron 

• ■ 


to resist Torsion. 




of Shafts 
in in9be8. 


Renolutumt of ih$ Shafts in a Mlmuie. 


b nti . 


,10 wv. 


iOjnr, 


80 rev. 


40 rev^ 


60 rev. 


^ 


Hones' 


HoraeaP 


Hones' 


HorsM' 


' Horses' 


HcgrsesS 


• 


-jpo^er. 


po#er/ 


* power; 


; power. 


■ power. 


power* 


2 


0-17. 


.0-33 


066 


0-99 


1-33 


J-66 


3 


a56 


113 


2-2S 


3-37 


' 4*5^ 


^•62 


4 


1-33 


,2-66. 


5-33 


799 


[ 10-66 


13-^ 


5 


6*6 


52 


10-4 


15-6 


20-8 


260 


6 


4-5 


90 


18-00 


270 »36-0 


4&0 


.. 7 


715 


14-3. 


28-6 


42-9 


57-2 


715 


•-' B' 


' 10-66 


21-33 


42-66 


64t) 


^-^ 


ii06^ 


. 10 


20-83 


41-66 


83-33 


125-0 


1660 


208-3 


f 152 


se-oo 


7200 


1440 


216-0^ 


?88'0' 


360O 


14 


63-83 


' 127-66 


255-33 


3830 


6100 


638-3 


16 


65-83 


170-66 


'3413* 


5120 ' 


6820 


853*3 



• ' - • » » ■ .... 

rC. 201.] The same table will serve for 
hollow cylindrical shafts to resist torsion, 
if the diameter be multiplied by r05, and 
the diameter of the hollow part be six- 
tenths of the exterior dianieter; for in that 

(ii)^ = l'^- (see Art 190^ note.) 



case 
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inches inches Inches iiwhcs inches 

Shafts ofsolid cylinder! ; diameters 8-' 10* 12* 14* 16- 

Hollow shafts of \ exterior diameter 8*4 10*5 12*6 14*7 16-0 
equal strength J J interior diameter 5* 6*3 7*5 8*8 10- 

[D. 201.] This table applies to vertical 
shafts, but in horizontal ones there is an 
additional stress if it be only from their 
own weight, and much more should there 
be wheels on the shaft. Where the lateral 
stress is small, it may be aHowedfor by 
adding something to the diameter shown 
by the table, or it may be calculated by 
the rale at the end of this article. 

Ex AMPLE.-^— Suppose a vertical shaft is 
to make ^0 revolutions per minute, the 
power of the first mover being equal to 18 
horses. Look in the column of horses' 
power under 20 revolutions j and opposite 
18, the diameter will be found in the first 
column to be 6 inches, for cast iron. 

[E. 201.] If the shaft is to be of wrought 
iron, then multiply the diameter found by 
the rule or the table, by 0.963 (Art. 162, 
note,) Thus in the above example, 6 x 
96s = 5-778 inches, the diameter of a 
wrought-iron shaft to make 20 revolutions 
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per tni&ute, when the power of the. first 
mover is equal to 18 horses» 

[F. 201.] If the shaft be of oak, then 

the power of oak being j^ when that of 

cast iron is 1,* (Art. A. 196.) and the resist- 
ance to torsion being as the cube of the 
diameter, we have (11'2)t = 2*238; and 
multiply the diameter found by the rule 
or table for cast-iron shafts by 2*238, and 
it will be the diameter for an oak shaft. 
Thus in the preceding example, 6 x 2*238 
=s 13*428 inches for the diameter of an oak 
shaft to make 20 revolutions pbv minute, 
the first mover being equal to 18 horses. 

[G. 201.] When fir is to be used for a 
shaft, its diameter should be ( j)^ times 
that of a cast-iron one for the same pur- 
pose; but (y)^ = 206 nearly; therefore 

it should be 2'06 times the diameter of the 
cast-iron one. 

* The relative stiffness is used instead of the relative 
strength, to reduce thequantity of torsion in woodenshafts. 
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Example. — Let the moving force be 
equal to 7 horses, and the number of turns 
per minbte 11^9 (see the case cited in Art. 

201.) then by the rule ?^ = 14609, and 

the cube root of 146*09 is 5*267 nearly ; or 
practically 5*3 inches should be the dia- 
meter of the shaft were it of cast iroh. 
And 206 x 53 « 10-918 inches, or nearly 
1 1 inches for the diameter of a fir shaft. 
It seems that a shaft of 9i inches square, 
of fir, was found equal to the strain ; and 
one 1 1 inches diameter is at leastVr stronger. 
I have m|de these calculisitions directly 
from the theory of equal cohesion, but it is 
so well a known fisict that the lateral cohe- 
sion of fir is vastly inferior to the direct co- 
hesion, that in the rule for fir shafts to re- 
sist torsion, an increase of diameter should 
be allowed by considering the number of 
horses' power about 4 niore than it is in- 
tended to be ; at least, till experiment sfaaU 
have given the precise efiect of lateral co- 
hesion in decreasing the force o£ shafts to 
resist torsion. 
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{H. 201.] If a:shaft havie t<) sustain both 
lateral stress^ and torsion, then th^ sum of the 
etmiiiing forces must be taken ; and hence 
by Art. [A. 195,]: and [A. 201,] we have 

!^ + l|il = d'. But in this equation it 

* " ■ . - 

is difficult to calculate the .value of the 
dlatueter^as it is what algebraists call an 
equation of the fourth degree. This difficul- 
ty may however be easily avoided by cqur 
siidering 2 d to be 2 only, for then the error 
will always be. ill excess, except when 4 is 
less than unity j and it is much better to 
be in excess than defect, Gonsequeptly^ 

ttrehaveasa practical rule (^^ + ^)^ 

•aa rfj the diameter of the shafb in iticfaes/ 
when of cast iiron. Where /is the length 
in» feet between the bearings,; H thi^ niim^ 
ber of horses which are equal the power of 
the first mover, N the hiimber of revolutions 
toibe made by dxe: slmft in a minute, and 
Wllie lateral Btr^si^ cn^ts. : ' ' 

EixABiifiLB .-Suppose that a cylindrical 
shaft of cast iron is to make 34 revblutiont^ 
per minute, the power of the first mover 
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being equal to 3 horses, the length of the 
shaft 8 ieet, and the lateral stress 3 cwts., 
when, reduced to Xhe middle point, thea 

(^ + '-^y = (2118 + 96)i = (117- 
18)* != 4-893 inches. (Ed.) 

202. With regard to the making of pat^ 
terns of cast-irop shafts, I beg leave to re- 
fer the reader to what I have said in Essay 
L page 219 to 229, relative to the making 
pf patterns for cast>-iron wheels, which is, 
in a great measure, applicable to those of 
ishafts. .Nor do I recollect any thing' on 
this subject to add here ; only I would re- 
mind the millwright to make the allowance 
for contraction of metal of one-eighth of 
an inch to the foot in the pattern. 

203. The following table contains the 
dimensions of shafts subject to torsion, and 
to considerable lateral pressure, as thc^ 
were executed by a respectable millwright. 
It will serve to shew the sizes of the parts 
as found in practice sufQdently strong, 



ON THE SHAFTS 



[bssat tl. 



and may be found useful to compare with 
those which would be produced} calculat- 
ing on the principles laid down in this 
Essay. 

Column 6th, therefore, shews the dia^ 
meters which these journals ought to have^ 
were 400 used as the multiplier. — (See 
Art. 1710 

Table of Shafts. 





1 


3 


S 


4 


5 


6 




Nnme. 


T 


t 

1 
1 


ll 
I 

6 


1 

! 


1 

ll 


^1i 

llli 


Rtmarlit. 


Caat-Iron 


20 


20 


11- 


n 


7,368 


Feathered 


Lying Shaft. 


la 


22 


S^ 


11- 


7 


6,889 


bhafts. 




16 


22 


5i 


10-6 


7 


6,621 






u 


24 


fi 


10' 


H 


6,153 






n 


25 


5 


9-6 


G 


6,768 






10 


35 


41 


9' 


64 


5,428 






8 


27 


4 


9- 


6 


4,904 






6 


38 


4i 


8-6 


5i 


4,414 






b 


30 


H 


8-6 


Si 


4,061 






A 


32 


34 


8- 


4i 


3,484 






3 


34 


31 


8- 


4 


1,203 


Square 




2 


46 


2i 


8- 


3 


2,802 


Shafts. 




1 


40 


2 


8' 


34 


2,154 




MtUleable-Iron 


6 


28 


3 


8-6 








Lying Shaft. 


5 


30 


3i 


8' 










4 


32 


2 


8- 










3 


34 


2 


8- 










3 
1 


36 
40 


14 

1 


8- 
7'6 









APPENDIX. 



COHESIVE STRENGTH OF DIFFERENT METALS. ' 

t 

204. '* We shall take for the ipeasure of 
cohesion the qumber of pounds avoirdupois 
cwhich are iust sufficient to tear, asunder a 
rod or bundle of one inch square, from 
this it will be easy to compute the strength 
corresponding to any other dimension. 



"Gold est ........ :{20;; 



" 1st, 3Vfetals. 

lbs. 

,000 
,000 

«"— ' • • {S^ 

r Japan . . . . . ; 19^500 

I Barbary . ..... 99,,000 

Copper cast < Jlungaiy ..... 3l>op0 

j Anglesea ... . 34,000 

(iSweden S7>000 

^^^« ^^s' • • • {5^^ 

c c 
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ably higher than those given by some other 
(Other writers. Mr. Pilot says, oti the au- 
thority of his own experiments, and of 
those of Mr. Parent, that 60 pounds will 
just tear asunder a square line of sound 
oak, and that it will bear «50 with safety. 
This gives 8640 for the utmost strength of 
a sc^uare inch, which is much inferior to 
M«schenbroek's valuation. 

^* We may add to these 

. cwf. 

Ivory ........... 16,980 

Bone . • • • . f ...;•. . 5,950 
Horn ........ ^ ... ^ 8,750 

Whalebone .......... 7,500 

Tooth of sea calf ........ 4,075 

• ' - , 

"The reader will surely ob^rve that 
these numbers expi^ess Sofiiething more 
than the utmost cohe^ibn, for th6 iveights 
are such as will very (](uicfkiy, that is, ^in a 
minute or two, tear thfe rodis asilnd^r. It 
may be said in general that two ^thirds df 
"these x^eights will sensibly impair the 
strength after ^ considerable While ; and 
that one half is the utmost that can retnain 
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suspended at them, without risk, for 6ver; 
aad it is this last allotment that the engi- 
neer should reckon upon in his construc- 
tions. There is however a considerable 
difference in this respect. Woods of a 
very straight libre, such as fir, will be less 
impaired b^ any load which is not sufficient 
to break them immediately." 

205. "According to Mr. Emerson, the 
load which may be safely suspended to an 
inch square is as follows : 

lbs. 

Iron . ' 76,100 

Brass a5,60O 

Hempen-Rope 19,600 

Ivory 15,700 

Oak, box, yew, plum-tree .... 7,850 

Elm, ash, beech 6,070 

Walnut, plum 5,360 

Red fir, holly, elder, plane, crab . . 5,000 

Cherry, hazle 4,7(»0 

Alder, asp, birch, willows . - . . 4,990 

Lead 430 

Freestone 91 

" He gives us a practical rule, that a cy- 
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linder whose diameter is d inches, loaded 
to one fourth of its absolute strength, wHt 
carry as follows : 

cwt. 
Iron •••...•....• 135 
Good rope . . . . . . . ... 22 

Oak . . .... . . • . . • 14 

Fir . 9 

" The rank which the different woods' 
hold in this list of Mr. Emerson's is very 
different from what we find in Muschen- 
broek's. But precise measures must not 
be expected in this matter. It is wonderful 
that in a matter of such unquestionable im- 
portance the public has not enabled some 
persons of judgment to make proper trials. 
They are beyond the abilities of private 
persons.* 

206. Mr. Banks (Powers of Machines, 
&c. p. 94,) takes iron at ah average to be 
four times as strong as oak, and 5i times 
as strong as deal or fir. 

207. " According to the experiments of 

* En. Brit. Art. Strength of Materials. 
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various authors^. the cohesive strength, of a 
square inch of^ razor steel is about. 150 
thousand pounds, of soft steel 120, of 
wrought iron 80, of cast iron 50,, of good 
rope 20, of oak, beech, and willoiw wood, 
in the direction of their fibres 12, of fir 8, 
and of lead about three thousand pounds; 
the cohesive strength of a square inch of 
brick, 300, and of free stone 200 ; teak 
wood, the tectona grandis, is said to* be 
still stronger than oak. 

« The strength of different materials in. 
i:esisting compression, is liable to great va- 
riation. In steel and in willow wood, the 
cohesive and repulsive strength appear to. 
be nearly equal. Oak will suspend much 
more than fir, but fir will support twice as 
miuch as oak, probably on account of the 
curvature of the fibres of oak. Freestone 
has been found to support about 2000 
pounds for each square inch ; oak, in some 
practical cases, more than 4000. 

^VThe strongest wood of each tree is. 
neither at the centre nor at the circumfe- 
rence, but in the middle between both ; 
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and in £ur6^6 it i^ gehetBily t&ickeif and! 
firmer on the sonth-tost side of the ttte. 
Although iron is mticb stron'ger fhsln w66^y 
^et it h nntore litihle to ac^identdl Jmperfec'^ 
tions ; and when it fhihj it givefs tiO ^ar6itig 
of iti approaching fracture. The ec^babtef 
equality of steel niaj be ascertained by 
corrosidn in ah acid, but there is no easy 
mode of detectlhg internstl flaws in a bar 
of iron, and we can oclly tely on the honesty 
of the workmen for its soundness. Wood, 
xVfien it is crippled, comp^ains^ ot* emits a 
sound, and after this, although it il^ much 
weakened, it liiay still ret^ih strength 
etiough to be of service,* 

[A. 267.] The cohesive force of mlBtals 
has been examined by several experimental 
inquirers, besides those noticbd in the ex- 
tracts ni£tde by our author^ and our know- 
ledge of this subject has been recently ex- 
tended very considerably by the experi-. 
ments of Telford, Brown^ and Keilnie. I 

* Young's Nat. Phil, vol. i. p. 151, 
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formerly attempted to collect all the most 
important experiments on the cohesive 
force of metals, (Phil. Mag. vol. 1. p. 421.) 
and omitting those which are. given in the 
preceding artides, the table is here re-ar- 
ranged, including the later experiments^ 
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Table of Experiments on the Direct CoMssion of Metals. 



Dcwription of meUL 



I. STEEL. 

Cast steely preriouslyl 
tilted J 

Cast steel 

Blister steel, reduced 1 
by the hammer • • J 

Blister steel 

Shear steel, reduced 1 
by the hammer • • J 



Force (in 

lbs.) that 

would 

tear a- 

Bonder a 

bar of 1 

in. sq. 



II. MALLEABLE 
IRON. 

Iron wire 113,077 

Iron wire 93,964 

Iron wire 85,797 

German bar, mark 

BR, highest result 
Swedish bar, highest 

result 

German bar, mark 

L, highest result • } \"' 
Liege bar, highest re- 1 go 

suit J * 

Spanish bar 

Bar 



134,256 
63,065 

133,152 
32,973 

127,632 



Experimentalist 



Rennie 
Brown 
Rennie 
Brown 
Rennie 



} 



Oosement bar, high- 
est result 

Swedish bar, reduced 1 
by.tbe hammer • • j 

Common round iron . . 

German bar, mark L . 

Common Stafford- 1 
shire bar j 

Common German bar . 

Swedish bar 

Oosement bar, the same 

Welsh bar 

Bar of the best quality 

A bar of Welsh, one 

of Swedish,* and'^ 

one faggoted scrap ( 

Iron, each gave a f 

result of . • J 



Sickingen 
Telford 
Buffou 



Muschenbroek 
idem 
idem 



93,069 

88,972 

85,900 

839 
81,901 
80,833 

7^y697 Muschenbroek 

Rennie 



Qaoted from. 



Phil. Mag. vol. liii. p. 167. 
Barlow's Essay, p. 234. 
Phil. Mag. vol. liii. p. 167. 
Barlow's Essay, p. 234. 
Phil. Mag. vol. liii. p. 167. 



Ann. de Chimie, vol. xxv. p. 9. 
Barlow's Essay, p. 222. 
QCuvres de Gauthey, ii. 153. 

Intro, ad Phil. Nat. i. 426. 



idem 

idem 

Soufflot 



72,064 

71,300 
69,538 

69,440 

69,133 
68,728 

66,752 
66,000 

64,960 



Telford 
Muschenbroek 

Telford 

Muschenbroek 
idem 

Telford 
Rumford 



Telford 



Rondelet's L'Art. de Bitir, 
iv. 500. 

Intro, ad Phil. Nat. i. 426. 

Phil. Mag. vol. liii. p. 167. 

Barlow's Essay, p. 230. 
Intro, ad Phil. Nat. i. 426. 

Barlow's Essay, p. 230. 

Intro, ad Phil. Nat. i. 426. 



Barlow's Essay, p. 228. 
Phil. Mag. X. 51. 



Barlow's Essay, p. 229. 



• The Swedish bar broke at a flaw. 
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Table continued. 



995 



Description' of metal. 



} 



Liege bar • • . 

Staffordshire bar 

GermaD bar, markl 

BR.... J 

Bar (mean of 33 expts.) 

Russian old sable, 
markCCN 

English bar, reduced \ 
by the h&mmer. / 
Welsh bar, (3 expts.) • • 
Bar of good quality «• 
Swedish bar, (3 expts.) 

Bar (fine erain) 

— (memufln fineness) 
— — (ooarse grained) 

III. CAST IRON. 

Bar, spec. grav. 7*807 
Bar, cast vertically . • 
Bar, cast horizontally 
Bar, Welsh pig 



Force (in 

lbs.) Ui«t 

would 

tear a* 

rander a 

bar of 1 

in. sq. 



IV. COPPER. 



,61, 

, reO 
am- > 33, 



Wire 

Wrought copper 

duced by the ham 

mer 

Cast, Barbary, spec. 1 
grav. 8-182 J 

Cast, Japan, spec. 1 

grav. 8-726 J 

Cast 

V. PIATINUM. 



62,369 
61,600 

61,361 

61,041 

59,472 

55,872 

55^76 
55,000 
53,244 
49,982 
34,081 
20,460 



68,295 
19,488' 
18,656 
16,264 



Experimentalist. 



Muschenbroek 
Telford 

Muschenbroek 

Perronet 

Brown 



Brown 

Rumford 

Brown 

Rondelet 

idem 

idem 



iuum wire, spec. \ 
•av. 20-847 .... J 



Platinum 
grav< 

Platinum wire 



VI. SILVER. 
Silver wire ...... 



— cast, spec, grav* 1 
11-091 J 



61,228 
792 



22,570 

20,272 
19,072 



Muschenbroek 

Rennie 

Rennie 

Brown 



Quoted froBb 



Intro, ad Phil. Nat. i. 426. 
Barlow's Essay, p. 229. 

Intro, ad Phil. N»t. L 426. 

(Euvres de GMifhey, ii. 154. 

BaiIow's Essay, p. 233. 

Phil. Mag. voL liii. p. 167. 

Barlow's Essay, p. 233. 
PhiL Mag. vol. x. p. 51. 
Barlow's Essay, p. 232. 
L' Art de B&tir, iv. 502. 



66,473 
52,987 

38,257 
40,902 



Sickingen 
Rennie 

Muschenbroek 

idem 
Rennie 



Morveau 
Sickingen 

Sickingen 
Muschenbroek 



Intro.adPhil.Nat. i. 417. 

Phil. Mag. vol. liii. p. 167. 

idem 

Barlow's Essay, p. 235. 



Ann. de Chimie xxv. 9. 
Phil. Mag. vol. liii. p. 167. 



Intro, ad Phil. Nat. i. 417. 



Phil. Mag. vol. liii. p. 167. 



Ann. de Chimie, xxv. 8. 
idem, p. 9. 

Ann. de Chimie, vol. xxv. 9. 
Intro, ad Phil. Nat. i. 417. 
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Deacriptkm of bi«UL. 



Vn. GOLD. 

Gold wiro •••••••••• 

cast, spec, g^rav. \ 
19-238 J 

VIII. ZINC. 



Zinc wire 
sheet 
cast . 



Force (in 

lbs.) th«t 

woold 

tear »■ 

rander a 

bar of] 

in. sq. 



30,888 
20,450 



IX. TIN. 



Tin wire 

English block, cast . . 
spec. grav. 7*295 



Cast 

Banca tin, cast, spec, 
gpav. 7-2165 .... 

Malacca tin, cast, 
spec, grav, 6*1256 

X. LEAD. 

Milled sheet, spec. 

grav. 11-407 .... 

Wire 

Wire, spec. grav. 
11-282 

Wire 

Cast lead 

— English, spec, 
grav. 11*479 .... 

XI. BISMUTH. 

Bismuth, cast, spec, 
grav. 9-810 



9926 



spec. grav. 



22,551 

16,600 

2,689 



7,129 
6,650 
5,322 
4,736 

3,679 
3,211 



» _gg i j -i 



ExpertoenUlisl. 



Sickingeu 
MuschenbroSk 



Quoted flropi. 



Ann. de Chimie, vol. xxv. 9. 
IntiQ. ad Phil. Nat. i. 417. 



XII. AN'OMONY. 

Antimony, cast, spec. \ 
grav. 4*500. j 



3,328 

3,146 

2,581 

2,547 
1,824 

885 



Morveau 

Tredgold 

Muschenbroek 



Morveau 

Muschenbro&k 

idem 

Rennie 

Muschenbroek 
ideyn 



3,250 



3,008 



1,060 



Tredgold 

Muschenbroek 

idem 

Morveau 
Rennie 

Muschenbroek 



Ahn.de Chimie, v. Ixxi. p. }94. 
Phil. Mag. vol. 1. p« 422. 
Intro, ad Phil. Nat. i. 407. 



Ann. de Chimie, v. Uxi. p. 194 
Intro, ad Phil. Nat. i. 417. 

Phil. Mag. vol.'liii. p.' 167; 
Intro, ad Phil, N«t, i. 417. 



Muschenbroek 



idem 



Phil. Mag. vol. 1. p. 422. 
Intro, ad Phil. Nat. i. 452. 



Ann. de Chimie, v. Ixxi. p. 194. 

Phil. Mag* vol. liii. p. 167. 

< 

Intro, ad Phil. Nat. i. 452. 



Intro, ad Phil. Nat. i. 417. 



Muschenbroek 



Intro, ad Phil. Nat. i. 417. 
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As this table, the most extensive of the 
kind, exhibits at one view tlie chief results 
'of the experiments on the direct cohesion 
of the metals in English avoirdnpois pounds 
when the area is a superficial inch, as well 
-as references to the works wherein those 
experiments are described, it will be useful 
to direct the labours of future inquirers to 
sach experiments as are best adapted to 
increase or correct our knowledge on this 
subject. It was collected at various times 
ifor my own information, and I hope it will 
be equally useful to others. When expe- 
riments are not reduced to a common 
standard, they cannot be compared with- 
out much labour : in the original descrip- 
tions of these experiments, this has not been 
done ; they are described chiefly as they 
were made, and for further information, to 
these descriptions I must refer the reader, 
ilf he be interested in these researches, the 
works of Muscheribroek, Rondelet, and 
Barlow, and Ronnie's paper in the Philoso- 
phical Transactions,* will afford him much 
information. 

* The i:esults are quoted in the table from the Philo- 
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[B. 207.] From the siriiple metals we 
naturally look to the alloys, some of which 
are of much importance. Here the curious 
but important fact that the union of, two 
metals produces a compound of greater te- 
nacity than either of the metals it is formed 
of, will be noticed. 



Table of Experiments on the direct Cohesion 

of Alloys. 



Alloy of 



Parts. 



O^per 10 

8 

6 

4 

2 



Gun metal^ hard 

Brass, fine yellow 

Tin, Eng^lish 10 
8 

6 

4 

2 

_1— 1 

Tin, Banca 10 

8 



Tin 



Lead 



Antimony 



Parts. 



force (in 

IbB.) thai 

wonldtear 

asandcr a 

bar of 

one inch 

sqnare. 



1 

1 
1 
1 
1 



32,093 

36,088 

44,071 

35,739 

1,017 

"^6,368 

17,968 

6,904 
7,922 
7,997 
10,607 
7,470 
7,074 

11,181 
9,381 



Specific 

gravity 

of the 

alloy. 



8-351 

8392 
8707 
8723 



ElKperimentalist. 



7-359 
7-276 



Muschehbro&k 
Intro.adPfail.Nat 
idem 
idem 
idem 
idem 

Rennie Plill. 
Trans. 

idem 

Mnschenbroek 
idem 
idem 
idem 
idem 
idem 

Muschenbro^k 
idem 



sophical Magazine, because it is a less expensive work 
than the Transactions. 
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Table continued. 



Alloy of 



Parts. 



Parts. 



Force (in 

It)8.) that 

wonldtear 

asunder a 

bar of 
one inch 

square. 



Tin 9 Banca 6 

, , M 

2 

1 



Tin, Banca 



Tin, Banca 



10 
4 
2 
1 
1 
1 

10 
2 
1 
1 
1 



TiUyEng^lish 8 

4 

_ . 2 

1 

Tin, English 1 
-,— . 3 

4 

Lead, Scotch 1 
2 

10 



Antimony 



Bismuth 



Zinc, Indian* 



10 



Zinc, Gofilar 



Antimony 



Bisjnuth 



12,632 

13,480 

12,029 

3,184 

12,688 
16,692 
14,017 
12,020 
10,013 
7,875 

12,914 
15,025 
15,844 
16,023 
5,671 

10,607 

10,258 

10,964 

9,024 

1,450 

3,184 

11,343 

7,319 
5,840 
2,826 



specific 

gravity 

of the 

alloy. 



7-228 
M92 
7-105 
7-060 

7«576 
7-613 
8-076 
8146 
8-580 
9009 

7-288 
7 000 
7-321 
7-100 
7130 



7-000 



10931 
11-090 
10-827 



Experimentalist. 



Muschenbroek 
idem 
idem 
idem 

Muschenbroek 
idem 
id^m 
idem 
idem 
idem 

Muschenbroek 
idem 
idem 
idem 
idem 

MusolMmbroSk 
idem 
idem 
idem 

Muschenbro&k 
idem 
idem 

MuischenbroSk 
idem 
idem 



Brass is aii alloy of copper and zinc, gun 
metal is an alloy of copper and tin, some- 
times in the proportion of 96 parts of cop- 
per to 11 parts of tin, but perhaps more 
usually 108 parts of copper to 11 parts of 
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tin.* It will be seen by this table that the 
proportion of six of copper to one of tin, is 
the most tenacious compound. A propor- 
tion very near to this is used for bearings, 
bushes, and some purposes in machinery ; 
but it is too hard and brittle for many uses. 

H 

It is worthy of remark, that copper and tin 
iare soft and malleable metals, but when 
conorbined, they form a tenacious, brittle, 
and hard alloy. Both the hardness and 
ibrittleness is increased by augmenting the 
proportion of tin. 

Tables of the cohesive force of woods of 
various kinds may be seen in my Elemen- 
itary Princy)les of Carpentry, Sect. II. also 
lin Muschenbroek's work above quoted, 
or in Barlow's Essay on the Strength of 
Timber. (Ed.) 

* These numbers give the nearest chemical propor- 
tions to those in use among founders. For furthjer in- 
formation on this subject, see the art. Brass, Supple- 
ment to <Eney. 'Brit. 
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